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ADVERTISEMENT. 


The idea of tins little book was suggested to the 
Publishers by a gentleman whose son was at one of 
our great public schools On examination he found 
that though his son was supposed to have learned the 
first two books of Euclid, he did not really understand 
the fust Pioposition 

The first five Piopositions weie thereupon written 
out by the fathei exactly as they appear m this volume, 
and the son not only easily mastered them, but had 
little subsequent ditficulty with his Euclid It is hoped 
that what was found useful to one boy will be found 
useful to many others 

It may be pointed out that this book is in no sense 
a cub It aims at enabling a beginnei to understand 
thejilfPbbk'ms of Euclid by avoiding the difficulty to 
niffhy youthful minds occasioned by the use of letters, 
while it also removes the temptation to endeavour to 
repeat the Problems by rote 

Only the first book of Euclid is given, for it is 
believed that if the first book be thoroughly under- 
stood by the student, the othei bdoks will offer little 
difficulty to him. Indeed, if a youth, after mastenng 
the first book, cannot understand the other books, it is 
useless for him to contmue his study of Euclid. . 




THE 


ELEMENTS OP EUCLID. 

BOOK I. 


DEFINITIONS 

i 

A point is that which has no pai t* and no sue 

ii 

A lme is length without breadth 
HI 

The ends of a lme are points 

IV 

A straight line is that which lies evenly between its 
farthest points 

v 

A superficies is that which has only length and breadth 

VI 

The ends of a supe.acies are lines, 
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A pi mo supeuht ies is th it in which, if any two points he 
tiken, the stiaight line between them lies entirely in the 
'iipeihcn s 

i nr 

V plane ingle is fonned In the meeting of two lines 
winch in in tlu sum pline Imt ate not m the simp dnec- 
tion 

i\ 

A pi me lectilmeil (sti light line) ingle is foimcd In the 
meeting of two sti light lines, which lie not in the sune 
sti sight line 

V ]} When tlieie aie more 
ingles than one it one point, my 
out of tin in is expressed hy the 
lines foiinmg the angle , thus, 
tlu ingles in the dnginn in 
lespecnvtly tho tingle it tin 

- - - - point where the led lim meets 

the blick line, and the ingle it 
the point w he it tin blue line meets the blick inn 

v 

When one sti tight line st inding on mothei sti light 
line makes the idjicent ( id- 
joining) angles eqml to one 
mothei, each of the angles is 
called a light ingle, and the 
stiaight line winch stands on 

the othei is called a peipen- 

dicular to it 

i.i 

An obtuse angle is tjjat which is 
greater than a light angle* 



DEI INITIO NS 
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\ir 

An acute i ngh is that which is less 
thin i light nigh* 

\iii 

\ teini m bound ii} is tin t nil of uiy thing 

\i\ 

A bgun is tli it which is inclosed b) one oi more bound 
rll ies 

\\ 

A inch is i pi me figuie cont lined by one line, which is 
c tiled the ciuuuituemc, <ind is such thit ill sti light lines 
di iwn tiom in ltun point witlun the 
hguio to the i nminttii nec lie eiju il 
to one anothei 

\u „ . _ 

\nd this point is cilh d the centie 
ot the i litlc 


WII 

A dnnntci ot icncleis i stiaighi lint di iwn thiOugh 
the cuitie uul tennmated both wi}s by the (Hcumfeience 

win 

A seminiclo (l e half aide) is the figure contained hy 
i dnmetei and the put of the citcunjfuence cut off bytlje' 
diaint tei 

xi\ 

A segment of a cncle it. tho figuie contained by 
line, mil the cneunifeience it cuts off 


Rectilineal figures aie those ^$$ich are con 
stiaight lines 
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XXI 

Tnlateral (1 e three-sided) figures, or triangles, are 
figures contained by tlnee stiaight lines 

XXII 

Quadnlateral (1 e four sided) figures aie figures contained 
by foui straight lines 


XXIII 

Multilateral (i e many sided) figures, or polygons, aie 
figures contained by more than four straight lines 


XXIV 

Of thiee sided figuies, an equilateral 

k tnangle is that which has three equal 

sides 

x\v 

i An isosceles tmngle is that which 

\ has only two sides equal 




XXVI 

A scalene tnangle is that which has 
three unequal sides 

XXVII 

A right-angled triangle is that 
which has a right angle 



XXVIII 

An obtuse-angled triangle is that 
which has an obtuse angle. 



DEFINITIONS. 


WIX 

An acute-angled triangle is that 
which has thiee acute angles 

xx\ 

Of foui -sided figures, a square is 
that which has all its sides equal 
and all its angles light angles 


XXXI 

An oblong is that which has 
all its angles right angles, but has 
not all its sides equal 


XXXII 

A rhombus is that which has 
all its sides equal, but its angles 
ire not light angles 

XXXIII 

A rhomboid is that which has 
its opposite sides equal to one an- 
other, but all its sides are not equal, 
and its angles aie not right angles 


xxxiv 

All other four-sided figures besides these arj called 
trapeziums. 

xxxv 

Parallel straight lines are lines in the » 

same plane, which, however much they 

may be lengthened both ways, do not meet ‘ 
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POSTULATES 

(le Positions supposed or assumed without pi oof) 

I 

Let it be granted that a straight lme may be diawn fiom 
any one point to any other point 

ii 

That a teimmated straight line may be lengthened to 
unj distance in a straight line 

in 

And that a cncle may be made fiom any centre, at an) 
bstance fiom that centre 


AXIOMS 

(1 e Self-evident tniths ) 

I 

Things which are equal to the same thing aie equal to 
one another 

ii 

If equals be added to equals the wholes are equal 


m 

If equals be taken fiom equals the lemamders are equal 


IV 

If equals be added to unequals the wholes are unequal 


v 

If equals be taken from unequal the remainders are un- 
equal 



AXIOMS. 


7 


VI 

Things which are double of the same are equal to one 
another 

VII 

Things which are halves of the same are equal to one 
another 

VIII 

Magnitudes which coincide with one another, 1 e which 
exactly fill the same space, are equal to one another 

i\ 

The whole is greater than its pait 
\ 

Two straight lines cannot inclose a space 

XI 

All nght angles aie equal to one anothei 

XII 

If a straight line meets two straight lines so as to make 
the two mside angles on the same side of it taken togethei 
less than two right angles, these straight lines if continually 
lengthened shall finally meet upon that side on which are 
the angles which are less than two right angles 
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Proposition I — Problem 

To descnbe ( makt ) an equilateral (equal- tided) triangle 
upon a given jimte straight line 


First, we draw a straight line on which to 

make an equilateral (equal sided) tnangle 

Second, we make a cnele, 
taking one end of the line as the 
centie, and the otliei end of the 
line as the distance, as is allowed 

L - by Postulate III , which says that 

a cncle may be made fiom any 
centre at any distance from that 
centi e 

Thud, we make anothei cncle, 
taking the othei end of 
the line as the centi e, and 
the end of the line which 
' we before took as the 

L centie, as the distance 

. Foui th, from either 

\ of the points at which 

the circles cut each 
other, we draw two 
^ ' straight lines to the ends 



of the line on which we 
have to make the equi- 
lateral (equal-sided) tri- 
angle, as is allowed by 
Postulate I , which says 
that a straight line may 
4ferawn from any one 
point to any other point. 



PROPOSITION II. 
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Then the black, blue, and red lines fornl an equilateral 
(equal-sided) tuangle, and we have to prove that they 
do so 

Because one end of the black line is the centre of the 
red circle, the red line is equal to the black line, for, 
according to Definition XV , all straight lines drawn from a 
certain point within a circle — namely, the centre of the 
circle — to its cncumfeience (the lino round the circle) are 
equal to one anothei And because the other end of the 
black line is the centre of the blue circle, the blue line 
is equal to the black line foi the same reason And it has 
been pioved that the red line is equal to the black line 
therefore the blue line and the red line are each of them 
equal to the black line, and, accoidmg to Axiom I , things 
which are equal to the same thing are equal to one another, 
therefore the blue line is equal to the red line Conse- 
quently the blue line, the red line, and the black line are 
equal to one anothei, and the tuangle formed by the three 
lines is an equilateial (equal sidod) triangle, and it has 
been made on tho black line, which was the given straight 
lme so that what was required has been done 


Proposition II— Probiem 

From a given point to draw a straight line equal to a given 
straight line 

First, let us draw the lme which is the 

given straight line, and mark the point from 

which we are to dcaF a line equal to this 
line 

Second, as allowed by Postulate I., which says that a 
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straight line may be drawn from anyone point 
^ to any other point, let us draw a lim from the 
- ^ point to the end of the line 

Thud, upon the line thus drawn let us 
| make an equilateral tuangle, as shown m 
Proposition I 

Fourth, as allowed by Postulate II , which 
says that a terminated straight line 
may be lengthened to any distance 
m a stiaight line, we lengthen the 
black side and the yellow side of 
the triangle thus made 

Fifth, from the end of the blue 
line as centie at a distance equal to its 
length we make a circle as allowed by 
Postulate III , which says that a circle 
may be made fiom any centre, at any 
distance from that centre 
Sixth, from the point whei e the black side and the yellow 
side of the triangle meet, as centre, at a distance equal to 
the length of the black line to 
where it is cut by the red circle, 
we make the black circle 

The yellow line from the red 
line to the black cucle is equal 
to the blue line, and we have to 
prove it to be so 

Because one end of the blue 
line is the centre of the red circle, 
the blue line is equal to the black 
line from that centre to the red 
circle, according to Definition XV , 
which says that all lines drawn from tjmcentre of a circle to its 
circumference are equal And bec4r the point where the 
black line and the yellow line meet is the centre of the black 





PROPOSITION III. 


11 


circle, the black line from that point to the black circle is 
equal to the yellow line from that point to the black circle 
But we know that so much of these lines as form the sides 
of the equilateral triangle are equal , therefore, according to 
Axiom III , which says that if equals be taken from equals 
the remainders aie equal, the remainders of the two lines 
are equal But we have shown that this remamdei of the 
black line is equal to the blue line, therefore the blue line 
and the remainder of the yellow line are each equal to the 
remainder of the black line And we know by Axiom I 
that things which are equal to the same thing are equal to 
one another, therefore the blue line and the remainder of the 
yellow line are equal to one another And this remainder 
of the yellow line is diawn from the given point which was 
lequired to be done 


Proposition III —'Problem 

Ft om the greatei of two given straight lines to cut off a part 
equal to the less 

First, we draw two hnes, one of which is greatei than 
the other 


Second, from either end of the red line we draw, as shown 
in Proposition II , a line equal to the blue line. 


Third, from the where the black line meets the 
red line as centre, with the other end of the black line as 
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distance, we nuke a cncle, as allowed by Postulate III, 
which says that a circle may be made fiom any centre at 
any distance from that centre 


The portion of the led line from the bhcK line to the 
yellow circle is equ il to the blue line, and wc h ive to piove it 
Because the end of the black line is the centie of the 
yellow circle, the bl lck line is equal to the red line from the 
centre to the uieumferencc of the cncle, accoidmg to Defi 
liition XV , which says that ill lines di iwn from the centie 
of a circle to its circumfeience aie equal to one mothei 
But the blue line is equil to the blick line because it wa^ 
made so Theiefoie the blue lme, and the red line fiom the 
centie to the circumference of the yellow circle, aie each of 
them equal to the black line Consequently, according to 
Axiom I , which says that things which are equal to the 
same thing are equal to one another, the led line from the 
centre to the circumference of the yellow circle is equal to 
the blue line And it is a poi tion cut off from the given led 
line which was required to be done 
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Proposition IV — Theorem 

If two triangles have two ndet> of the one equal to two subs 
of the other , each to each , and have likewise the angles 
contained by those sides equal to one anothei , they shall 
likewise have their bases, or third sidis, equal, and the two 
t) tangles shall be equal, and their othei angles shall be 
equal each to each, viz those to which the equal sides are 
opposite 

Fn st, we draw two ti jangles, having the dotted blue side 
of the one equal to the blue side of the othei , and the dotted 
red side of the one equal to the red side of the other, and 
the angle formed by the dotted blue side and the dotted red 
side of the one equal to the angle formed by the blue side 
and the red side of the other. 



I 


Then the base, viz the dotted black side, of the one is 
equal to the base, viz the black side, of the other, and the 
one tnangle is equal to the other triangle, and the other 
angles to which the equal sides are opposite are equal each 
to each, viz the angle formed by the meeting of the dotted 
blue side and the dotted black side of the one triangle is equal 
to the angle formed by the meeting of the blue side and the 
black side of the other triangle, and the angle formed by 
the meeting of the dilted red side and the^dotted black side 
m the one tnangle is equal to the angle formed by the meeting 
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of the red side and the black side of the othei tnangle And 
all this we have to piove 

Let us place the one triangle upon the Other triangle so 
that the point where the dotted blue side and the dotted red 
side of the one tnsngle m<et may be on tho point wheie 
the blue side and the red side of the other tmngle meet, 
and the dotted blue side of the one upon the blue side of 
the other, then the other end of the dotted blue side shall 
coincide with the other end of the blue side, for we know 
by the Hypothesis that the two sides are equal And the 
dotted blue side coinciding w ith the blue side, the dotted red 
side shall also coincide with the red bide, foi by the IF} pothesis 
the angle formed by the meeting of the dotted blue side and 
the dotted led side in the one tnangle is equal to the angle 
foimed by the meeting of the blue side and the red side mthe 
othei tnangle And the other end of the dotted led side 
shall coincide with the other end of the led side, because by 
the 1 1 ypothesis these two sides are equal A nd the other end 

of the dotted blue side was pioved to coincide with the other 
end of the blue side, therefore the base, viz ihe dotted black 
side, of the one tnangle shall coincide with the base, viz 
the black side, of the other triangle, because otherwise two 
straight lines would inclose ^ space, which is impossible ac- 
cording to Axiom X , which says two straight lines cannot 
inclose a space. And the two bases therefore coincide, they 
are also equal according to VIII f which says that 

magnitudes which coincide with one another, i e which 
exactly fill the same space, ale equal to one another Con- 
sequently* the one tnangl^ Coincides with the other triangle 
and is equal to it, and th6 other angles of the one complete. 
With the;i^mainmg angl$$ qf the other, and are equal tid 
them, vi& tie angle formed jjf£ the dptted 

black side mi the dotted ghlSitepf the^e tmngle equal 
Htke angfe^mejihy thfifl^afeg black side andlh® 
blue aide of the other tnan^fy and the afigte termed by the 
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meeting of the dotted black '•ide and the dotted red side of 
the one triangle equal to the angle formed by the meeting 
of the black side and the led side of the otliei triangle 
And these are the angles opposite the equal sides Therefore, 
if two tnangles have two suits of the one equal to two sides 
of the othei each to each, ind hive likewise thp angles con- 
tained by these sides equil to one another, their bases shall 
likewise be equal, and the tn ingles shall be equal, and 
then other angles to which the equal sides aie opposite 
shall be equal eich to eicli which is what we had to show 


Proposition V — Timor* u 

The angles at the base of an isoscele s ti tangle (t e at) tangle 
a Inch has only tuo suits equal) ate tqual to one another f 
ami if tht equal sides bi ptoduced (lengthened), the angles 
upon tht othei side oj the base shall bt equal 

First, we draw an isosceles tuangle (1 e a 
triangle which has only two sides equal), ind / 
make the black side equal to the red side j 

Second, we produce (lengthen) the two * 
equal sides , then the angle made by the 
meeting of the black side and the blue side of the ti angle 
shall be equal to the angle made by the 
meeting of the red side and the blue side 
of the triangle, and the angle made by 
the meeting of the dotted black line 
and the blue side of the triangle shall 
be equal to the angle made by the / 
meeting of the dotted red line and the / 
blue $ide of the ti tangle This we have 
to prove 
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Thud, m the dotted black line take any point, and fiorn 
the dotted led line cut otl, accoidmg to Pioposition III , a 
put «qual to the put taken of the 
dotted hi uk line Join the point tiken 
m the dotted hhuk line with the end 
of the hint line, and the com spending 
point found m the dotted led line with 
the othu end of tin* hhu line 

Then bet i use the line composed of 
tin Mukhin md the put taken of the 
dotted Mick line is iqml to the line 
composed of tin led line and the put 
Found in the dotted led line (by the 
(Jonsti in tion), uid the hi ick hue is 
tquil to the led hue iccoidmg to the 
Hypotl < sis, the two sides, vi/ the line 
composed of the black side md the put 
of the dotted bluk line, md the led 
side, aie iiju il to the two sub s, mz the 
line composed of ( he l ed side and the pai t 
of the dotted icd line, and the bLck 
side, each to each, and they contain the 
angle made by the meeting of the black 
side ind the led side belonging to each 
of the two tiiangks, the one of which is 
foimed by the Mack side and the paitof 
/ the dotted black line, the ied side and 

f the yellow line, and the other of which 

is foimed by the red side and the pait 
of the dotted red line, the black side 
and the dotted blue line, therefore, accoidmg to Proposi- 
tion IV , the base of the one tnangle, viz the y el low line, 
is equal to the base of the other tnangle, mz the dotted blue 
line, and the two triangles are equal, and the remaining 
anffles of the one are equal to the remaining angles of the 
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other, each to each, to which the eqml sides are opposite, 
viz the angle formed by the meeting of the red side and the 
yellow side to the angle formed by the meeting of the black 
bide and the dotted blue side , and the angle foi med by the 
meeting of the part taken of the dotted black line md the 
yellow side, to the angle formed hy the meeting of the 
couesponding pait found m the dotted led line, and the 
dotted blue side Agun, beeiuse the black line ind thepait 
of the dotted black line are together equal to the ted line 
md the pait of the dotted red line, and paits of these, vi/ 
the black line and the led line, ire equal by the Hypothesis, 
therefoie, according to Axiom III , which says that if equals 
be taken from equils the remaindeisaie equal, the remaindei, 
vi/ the part of the dotted black line, is equal to the le- 
mainder, viz the part of the dotted red line And the 
yellow line was pioved equal to the dotted blue line, theie* 
toie the two sides, the pait of the dotted black line and the 
yellow line, are equal to the two sides, the put of the dotted 
led line and the dotted blue line, each to each And the 
angle at the point where the pait taken of the dotted black 
line meets the yellow lino was pioved equal to the angle at 
the point where the pait found in the dotted red line meets 
the dotted blue line And the base, the blue line, is pait 
of eich of the two triangles, the one of which is formed by 
the part of the dotted black line, the yellow line, and the 
blue line, and the othei by the part of the dotted red line, 
the dotted blue line, and the blue line, thereloie, according 
to Proposition IV , these two trungles ire equal, and then 
remaining angles are equal each to each to which the equal 
sides aie opposite, therefore the angle formed by the meet- 
ing of the dotted black line and the blue lme is equal to the 
angle formed by the meeting of the dotted red line and the 
blue line , and the angle foimed by the meeting of the blue 
line and the yellow lme equal to the angle formed by the 
meeting of the blue lme and the dotted blue line And as 
c 
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we have shown that the large angle foiraed by the meeting 
of the black side and the dotted blue line is equal to the 
large angle formed by the meeting of the red side and the 
yellow line, and that parts of these angles, viz the small 
angle formed by the meeting of the blue line and the dotted 
blue line, is equal to the small angle formed by the meeting 
of the blue line and the yellow line, theiefore, according to 
Axiom III , which says that if equals be taken from equals 
the remainders are equal, the remamdei, viz the angle 
formed by the meeting of the black side and the blue side, 
is equal to the remainder, viz the angle formed by the meet- 
ing of the red side and the blue side And these are the 
angles at the base of the isosceles triangle (1 e a triangle 
having only two sides equal) which we had to prove equal 
And we have already proved that the angle foimed by the 
meeting of the dotted black line and the blue line is equal to 
the angle formed by the meeting of the dotted led line and 
the blue line, and these are the angles on the other side of the 
base which we had also to piove were equal so that we have 
proved what was lequired 

Corollary (i e another fact proved) From the aboveat 
follows that every equilateral (equal-sided) tuangle is also 
equiangular (i e has all its angles equal) 


Proposition Y [ —Theorem 

If two angle s of a triangle be equal to one another, the sides 
also which subtend oi are opposite to the equal angles 
shall be equal to one another 

First, we make a triangle in which the angle formed by 
the meeting of the red side and the black side is equal to 
the angle formed by the meeting of the blue side and the 
black side We have to prove that the blue side is equal 
to the red side 



PROPOSITION VI. 


19 


If the blue side be not equal to the red side, one of them 
is gi eater than the othei Let us suppose the red side to 
be the greater, and from it cut off, as shown m Proposition 
III , a part equal to the blue line Join the end of the part 
cut off from the red line with the end of the black line 
Then, because in the triangles the one ol which is formed 
by the part cut off the red side, the black side, and the 
jellow side, and the other of which is formed by the blue 
side, the black side, and the long red side, the part of the red 
side is equal to the blue side, and the black side is part of 
each triangle, theiefoie the two sides, viz the part cut off 
the red side, and the bhek side, aie equal to the two sides, 
viz the blue side and the black side, each to each, and the 
angle formed by the meeting of the led side and the black 


/ 

r i 1 

side is, we know by the Hypothesis, equal to the angle formed 
by the meeting of the blue side and the black side, there- 
fore the base, viz the yellow line, is equal to the base, viz 
the long red side, and the triangle formed by the part cut off 
the red side, the black side, and the yellow side, is equal, 
according to Proposition IV , to the triangle formed by the 
blue side, the black side, and the long red side That is to 
say, the less is equal to the greater, which is absurd There- 
fore the long red side is not unequal to the blue side, and 
therefore it must be equal to it which is what we had to prove, 

C2 
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Corollary (le another fact proved) — From the above it 
follows that every equiangular triangle (1 e a triangle having 
all its angles equal) is also equilateral (1 e equal-sided) 


Proposition VII — Theorem 

1 r pon the sami 1 base , and on the same side of it , there cannot 
be two t? tangles that have their sides which are ter- 
minated in one extremity of the base equal to one an- 
other , and likewise those which are terminated in the 
other extremity 

Fust, we draw a line to form the base 

Second, if it be possible let us draw upon this base and 
upon the same side of it two 
tnangles, which have their blue 
and red sides ending at one ex- 
tremity of the base equal to one 
another, and their yellow and 
dotted blue sides ending at the 

£ other extremity of the base equal 

to one another 

Thud, join the vertices (1 e top points) of the two tri- 
angles 

Then in the case m which the vertex (1 e top point) of 

each triangle is outside the other 

/ triangle, because the blue line is 

equal to the red line (accoiding 
to the Hypothesis), the angle 
/ foi med by the meeting' of the blue 

t lme and the dotted black line is 

£ k equal to the angle formed by the 

meeting of the red lme and the 
lotted black line,. according to Proposition V. But the angle 
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formed by the meeting of the blue line and the dotted black 
lme is greater than the angle formed by the meeting of the 
yellow lme and the dotted black line, according to Axiom IX , 
which says that the whole is greater than its part There- 
foie the angle formed by the meeting of the red line and the 
dotted black lme is greater than the angle formed by the 
meeting of the yellow lme and the dotted black line Much 
more then is the angle formed by the meeting of the dotted 
blue lme and the dotted black lme greater than the angle 
formed by the meeting of the yellow line and the dotted black 
line Again, because the yellow line is equal to the dotted blue 
lme, according to the Hypothesis, it follows by Proposition V 
that the angle formed by the meeting of the dotted blue 
line and the dotted black line is equal to the angle formed 
by the meeting of the yellow line and the dotted black line 
But it has been shown to be greater than it, which isabsuid, 
as it cannot be both greater and less than it 

Now let us make the tuangles m a different position, so 
that the vertex (le top 
point) of the one shall be 
inside the vertex (i e top 
point) of the other 

Produce (le lengthen) 
the blue and the red sides 
Then because the blue side 
is equal to the red side (ac- 
cording to the Hypothesis) 
in the triangle formed by 
the blue side, the dotted 
black side, and the red side, 
it follows by Proposition V 
that the angles on the other side of the base (i e of the 
dotted black line) are equal to one another, 1 e the angle 
formed by the thin blue lme and the dotted black line is 
equal to the angle formed by the dotted red line and the 
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dotted black line But the angle formed by the thin 
blue lme and the dotted black line is gi eater than the angle 
formed by the yellow lme and the dotted black line, accord- 
ing to Axiom IX , which says the whole is greatei than its 
part, wherefore the angle formed by the dotted red line and 
the dotted black line is also greater than the angle formed 
by the yellow lme and the dotted black line Much more 
then is the angle fot nied by the dotted blue line and the 
dotted black line greater than the angle foimed by the 
yellow lme and the dotted black line Again, because the 
yellow lme is equil to the dotted blue line according to the 
Hypothesis, it follows by Proposition V that the angle 
formed by the dotted blue line and the dotted black lme is 
equal to the angle formed by the yellow lme and the dotted 
black lme But the angle formed by the dotted bine lme 
and the dotted black lme has been proved to be greater than 
the angle formed by the yellow line and the dotted black 
line, which is impossible, for it cannot be both greater and 
less than it 

The case m which the veitex (1 e top point) of one tri- 
angle is upon the side of the other needs no proof, because it 
is plainly impossible 

And these are the only three positions m which the tri- 
angles could be, therefoie we have shown what we wanted 
to prove, viz that upon the same base, and on the same side 
of it, there cannot be two triangles that have their sides 
which are terminated m one extremity of the base equal to 
one anothei, and likewise those which are terminated in the 
other extremity 
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Proposition VIII — Theorem 

If tw&tnanqles have two sides of the one equal to two sides 
of the other , each to each , and have likewise their bases 
equal, the anqle which is contained hj the two sides of 
the one shall be equal to the anqle contained bj the tv o 
sides equal to them, oj the other 

First, we make two triangles having two sides of the one 
equal to two sides of the ofchei, each to each, viz the dotted 
blue side equal to the blue side, and the dotted red side equal 
to the red side and also the base, viz the dotted black side, 
equal to the black side The angle foimed by the meeting 
of the dotted blue side ind the dotted led side shall be equal 
to the angle foimed by the meeting of the blue side and the 
red side This we have to prove 


If the dotted triangle be placed upon the other triangle 
so that the point where the dotted blue side and the dotted 
black side meet be upon the point where the blue side and 
the black side meet, and the straight dotted black line 
upon the straight black line, the other end of the dotted 
black line shall coincide with (1 e exactly fill the same space as) 
the other end of the black line, because by the Hypothesis 
the dotted black line is equal to the black line Therefore 
the dotted black line coinciding with the black line, the 
dotted blue line, and the dotted red line, shall coincide with 
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the blue lme and the red line For if the base, viz the 
dotted black lme, coincides with the base, viz the black line, 
but the sides, viz the dotted blue line and the dotted led 
line, do not coincide with the sides, viz the blue lme and the 
red line, but have a different position , then upon the same 
base, viz the black line, and upon 
\ the same side of it there can be 

s two triangles that have then 

sides which are terminated in 
N one extiemity of the base equal 

x to one anothei, and likewise 

^ their sides which are terminated 

m the othei extremity equal 
But we have showm m Proposition YTI that this is impos- 
sible therefore if the base, viz the dotted black line, co- 
incides with the base, \iz tne black lme, the sides, viz the 
dotted blue line and the dotted led lme, must coincide with 
the sides vi 7 the blue line and the led line Wherefoie 
also the angle formed by the meeting of the dotted blue lme 
and the dotted red line coincides with the angle formed by 
the meeting of the blue line and the led line, and is theie- 
fore equal to it, according to Axiom VIII , which says that 
magnitudes which coincide with one another are equal to 
one another which is what we had to prove 
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Proposition IX —Problem 


To bisect a given rectilineal angle (i e an angle contained by 
straight lines), that is, to divide it into two equal angles 


First, we make the angle which it is re- 
quired to bisect 

Second, we take any point m the blue 
line, and from the red line cut off according 
to Proposition III a pait equal to the part 
taken m the blue line, and join the ends of 
the two parts thus taken of the blue line 
and the red line 

Third, upon the black line we make an 
equilateial triangle as shown m Proposi- 
tion I 

Fourth, wo join the point where the blue 
line and the red line meet with the point 
where the dotted blue line and the dotted 
r£d line meet The straight yellow line 
shall bisect (ie divide into halves) the 
angle formed by the meeting of the blue line 
and the red line, and this we have to prove 

Because the pa it taken of the blue line 
is equal to the pare cut off from the red 
line, according to the Construction, and the 
yellow line is part of each of the two tri- 
angles the one of which is formed by the 
part taken of the blue line, the yellow line, 



and the dotted blue line, and the other by the part cut off 
from the red line, the yellow line, and the dotted red line, 
therefore the two sides, viz the part of the blue line and 
*the yellow line, are equal to the two sides, viz. the part of 
the red line and the yellow line each to each, and the base, 
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viz the dotted blue line, is equal to the base, viz the dotted 
red line, because we made it so , consequently, according to 
Proposition VIII , the angle formed by the meeting of the 
blue line and the yellow line is equal to the angle formed 
by the meeting of the led line and the yellow line And 
these two angles together make up the given rectilineal 
angle (1 e an angle contained by straight lines), therefore 
the given angle, viz the angle formed by the meeting of the 
blue line and the red line, is bisected (1 e divided into 
halves) by the yellow lme which is wh it we had to do 


Proposition X — Problem 

To bisect a given finite, straight line , le to divide it into two 
equal parts 

First, we have to draw a straight line, which we have to 

divide into two equal parts 

Second, as shown in Pioposi- 
tion I , we make upon it an equilateral triangle 



Third, as shown in Proposition IX , we bisect (1 e divide 
into halves) the angle formed by the meeting of the blue lme 
and the red line, by the straight yellow line 

The black lme shall be cut into two equal parts at the 
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point where the yellow line meets it This we have to 
prove 

Because the blue line is equal to the led line (according 
to the Constiuction), and the \ellow line is part of each of 
the two triangles the one of which is formed by the blue 
line, the yellow line, and part of the black line, and the other 
by the red line, the yellow line, and the remainder of the 
black line, the two sides, viz the blue lme md the yellow 
line, are equal to the two sides, viz the red line and the 
yellow line, each to each , and the angle foi med by the meet- 
ing of the blue line and the jellow lme is equal to the angle 
formed by the meeting of the led lme and the yellow lme 
(because we made it so), therefore, according to Pioposi- 
tion IV, the base, viz the one pirt of the black line, is 
equal to the base, vi/ the other part of the black line, and 
therefore the sti tight black line is divided into two equal 
parts at the point wheie the ye’low line meets it, which is 
what was to be done 


Proposition XI — Probiem 

To draw a sti aiyht line at right angles to a given straight 
line from a given point in the same 

First, we draw the straight lme, and mark the point 
m it from which we are to 

draw a straight line at right — — 

angles to it 

Second, we take any point m the black lme on either 
side of the point alroady marked, and from the black lme 
on the other side of the point 

already marked we cut off, * * • 

‘-according to Proposition III , 

a part equal to the part between the given point and the 
other point 
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Thud, upon the whole line between the two points thus 
taken we make an equilateral tnanglo, as shown m Pro- 
position I 

j Fourth, we join the point 

/ where the led side and the blue 

/ side of the triangle 'meet, with 

‘ the point from which the line is 

i — — > to be drawn at light angles 

The vellow line shall bo at right angles to the black 
, line and we have to prove it so 

/ Bee mse the part taken of the 

t black line on one side of the given 

/ point is equal to the part found 

/ in the same line on the othei 

—U . * gl( j e t j ie p 0in ^ an j the yellow 

line is part of each of the two triangles the one of which is 
formed by the part taken of the bl ick line, the yellow line, 
and the led line, and the other by the corresponding part taken 
of the black line, the yellow line, and the blue line, the two 
sides, viz the one part taken of the black line, and the yellow 
line, are equal to the two sides, viz the other pirt taken ‘of 
the black line, and the yellow line, each to each, and the base, 
viz the red line, is equal to the base, viz the blue line, by 
the Construction, therefore, according to Proposition YIII , 
the angle formed by the meeting of the one part taken of 
the black line with the yellow line is equal to the angle 
formed by the meeting of the other part taken of the black 
line with the yellow line, and they are adjacent (adjoining) 
angles 

But we know by Definition X that when the adjacent 
angles which one straight line makes with another straight 
line are equal to one another, each of them is called a right 
angle Therefore each of the two angles formed by the 
meeting of the yellow line with the black line is a right angle 
And the yellow line making them nght angles is drawn 
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from the point marked in the black line which is what 
was to be done 

Corollary (le another fact proved) — By help of this 
pioblem it may be shown that two straight lines cannot have 
a part the same m both 

First, if it be possible let 
us draw two straight lines 
having a part the same in 
both 

Second, from the point * 

where the part of the line which is the same m both lines 
ends, diaw the blue line at right angles to that part, as 
shown in Proposition XI 

Because the line composed of the black line and the dotted 
black line is a straight line, the angle formed by the meeting 
of the blue line with the dotted black line is equal to the 
angle formed by the meeting of the blue line with the black 
line, according to Definition X , which says that when a 
straight line standing on another straight line makes the 
adjacent (adjoining) angles equal, each of these angles is 
called a right angle In the same manner, because the line 
composed of the black line and the dotted red line is a 
straight line, the angle formed by the meeting of the dotted 
red lme with the blue line is equal to the ang’e formed by 
the meeting of the black lme with the blue line It follows, 
because, according to Axiom I , things which are equal to 
the same thing are equal to one another, that the angle 
formed by the meeting of the dotted red lme with the blue 
lme is equal to the angle formed by the meeting of the dotted 
black lme with the blue line, 1 e the less is equal to the 
gi eater, which is plainly absurd, and therefore two straight 
lines cannot have a part the same m both which is what 
we had to prove 
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Proposition XII— -Probiem 

To draw a straight line pet pendiculai to a given straight 
line of an unlimited length , from a given point with 
out it 

Fust, we draw the line upon which we are to diaw 
a perpendicular stiaight line 
(let line at right angles to 
it), and maik the point be- 
yond the line fioni which the 
pcipendiculai is to bo diawn 
' ‘ ~ ' Second, we take any point 

the othei side of the stiaight 
line 

Third, fiom the first point 
as centre, with the other 

— - — point as distance, we describe 

a circle as allowed by Postu- 
late III , whuh says that 'a 
circle may be described from 
any centre at any distance 
from that centre, meeting the 
line in two points 

Foul th, we bisect (1 e 
divide into halves) the line 
between the points where the 
circle meets it, as shown in 
Proposition X , and ]oin the 
blue point with the point 

where the line is bisected 

Then the blue hue shall be 
perpendicular to the black 
line and we have to prove it 
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Fifth, join the blue point with each of the points where 
the circle meets the black line 
Because the one black 
line fiom the blue line to the 
yellow circle is equal to the 
other black line from the 

blue line to the yellow cncle 

(for we made it so), arid the 
blue line is part of the two 

triangles the one of which is formed by the one black line, 
the blue line, and the ltd line, and the other by the other 
black line, the blue line, and the jellow line, therefore the 
two sides, viz the one black line and the blue line, are equal 
to the two sides, viz the othei black line and the blue line, 
each to each, and the base, vi/ the ml line, is equal to the 
base, viz the yellow line, accoi dmg to Definition XY , which 
says that all straight lines diawn from the centre of a circle 
to its circumfeience aie equal to one another, therefore, as 
shown in Pioposition VIII , the angle formed by the meet- 
ing of the one black line with the blue line is equal to the 
angle formed by the meeting of the other black line with the 
blue line, and they aie adjacent (adjoining) angles But we 
know by Definition X that when a stiaight line standing 
on another stiaight line makes the adjacent angles equal to 
one another, each of them is a light angle, and the straight 
line which stands upon the other is called a perpendicular 
to it Therefore the blu9 line is perpendicular to the black 
line And it is drawn from the point from which it was 
to be drawn so that we have done what was required 
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Proposition XIII —Theorem 

The angles which one straight line makes with another upon 
one side of it are either two right angles or are together 
equal to two right angles 

First, let us draw one 

straight line 

Second, let us draw another stiaight line making with 
the straight line we first drew 
and upon the same side of it 
two angles These angles 
shall be either two right 
angles oi shall be together 
equal to two right angles 

’ For if the angle made by 

the meeting of the black part of the line with tlje blue line 
be equal to the angle made by the meeting of the dotted pait 
of the line with the blue line, we know each of them is a 
light angle, according to Definition X , which says that when 
a straight line standing on anothei stiaight line makes faie 
adjacent (adjoining) angles equal, each of these angles is 
called a right angle 

But if the two angles be not equal, from the point 
where the blue line meets the black line draw, as shown m 
Proposition XI , the red line 
at right angles to the black 
line therefore, according to 
Definition X just quoted, the 
angle made by the meeting 
__ __ of the red line and the black 

part of the black line, and 
the angle made by the meeting pf the dotted part of the black 
line and the red line, are two right angles And because the 
angle made by the meeting of the dotted part of the black 
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line and the red line is equal to the two angles made by the 
meeting of the dotted part of the black hue with the blue 
line, and the meeting of the blue line with the red line to- 
gether add to each of these equals the angle made by the 
meeting of the led line with the black part of the black line 
Theiefore, accoidmg to Axiom II , which says that if equals 
be added to equals the wholes aie equal, the angles formed 
by the meeting of the dotted part of the black line with the 
red line, and the meeting of the red line with the black part 
of the black line, are together equal to the three angles 
formed by the meeting of the dotted pirt of the black line 
with the blue line, the meeting of the blue lme with the red 
line, and the meeting of the red lme with the black part of 
the black lme Again, because the angle made by the meet- 
ing of the black part of the black line with the blue lme is 
equal to the two angles made by the meeting of the black 
part of the black line with the red lme, and the meeting of 
the led line with the blue line together to each of these 
equals add the angle made by the meeting of the blue line 
with the dotted part of the black lme Then, according to 
AViom II , which says that if equals be added to equals the 
wholes aie equal, the two angles foimed bj the meeting of 
the black pait of the black line with the blue lme, and the 
meeting of the blue lme with the dotted part of the black 
lme, are togethei equal to the three angles made by the 
meeting of the black pai t of the black lme with the red line, 
the meeting of the red lme with the blue line, and the meet- 
ing of the blue lme with the dotted part of the black lme 
But the two angles foimed by the meetmg of the dotted part 
ot the black line with the red lme, and the meeting of the 
led lme with the black part of the black lme, have been 
pioved to be together equal to the same three angles And 
we know by Axiom I that things which are equal to the 
same thing are equal to one another, therefore the angles 
formed by the meetmg of the dotted part of the black line 
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with the red line, and the meeting of the red line with the 
black part of the black line, are equal to the angles formed 
by the meeting of the black part of the black line with the 
blue line, and the meeting of the blue line with the dotted 
part of the black line But the angles formed by the meet- 
ing of the dotted part of the black line with the led line, and 
the meeting of the led line with the black part of the black 
line, are two right angles, because we made them so there- 
fore the angles formed by the meeting of the black part of 
the black line with the blue line, and the meeting of the blue 
line with the dotted pait of the black line, are together equal 
to two right angles, according to Axiom I , which says that 
things which are equal to the same thing aie equal to one 
another We have thus proved what was requited 


Proposition XIV —Theorem 

If, at a point m a straight line , two othei straight lines , upon 
the opposite sides of it , make the adjacent ( adjoining ) 
angles together equal to two right angles, these two 
straight lines shall he m one and the same straight line 

First, let us diaw a straight line 

Second, let us draw two straight lines at the end of the 


straight line, upon opposite sides of it, making the adjacent 
(adjoining) angles at the point where they meet the black 
line equal together to two right angles. 



PROPOSITION YIV. ? 35 

The red line shall be in the same straight line with the 
blue line , and this we shall have to prove 

For if the red line be not in the same straight line 
with the blue line, let us 
draw a yellow line in the 
same stiaight line with the 
blue line 

Then, because the 

straight black line makes - - — 

with the stiaight blue and yellow line, upon one side of it, 
the two angles, viz the angle at the point wheie it meet 1 
the blue part of the line and the angle at the point wheie 
it meets the yellow pait of the line, these angles aie together 
equal to two right angles, aecoiding to Proposition XIII 
But the angle at the point wheie the black line meets the 
blue pait of the line, and the angle at the point where the 
black line meets the red line, are likewise together equal to 
two right angles, according to the Hypothesis It theiefore 
follows, aecoiding to Axiom II , which says that things which 
are equal to the same thing aie equal to one another, that 
tfie angle at the point wheie the black line meets the blue 
part of the line, and the angle at the point where the black 
line meets the yellow part of the line, are together equal to 
the angle at the point where the black line meets the blue 
line and the angle at the point where the black line meets 
the red line Now let us take away from each of these 
equals the angle at the point where the black line meets the 
blue line, which is part of them both , then, according to 
Axiom III , which says that if equals be taken from equals 
the remainders are equal, the remaining angle at the point 
where the black line meets the yellow part of the line is 
equal to the remaining angle at the point where the black 
line meets the red line, the less to the greater, which is 
impossible Therefore the yellow line is not m the same 
straight line with the blue line In the same way it may 
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be shown that no other line but the red line can be m the 
■=ame straight line with the blue line Therefore the red line 
is in the same stiaight line with the blue line and this is 
what we had to piove 


Proposition XV — Theorem 

If two straight lines cut one anothei , the vertical, or opposite, 
angles shall be equal 

First, we draw two stiaight lines cutting one anothei 
Then the angle at the point where the led part of the 
one line meets the yellow 
part of the othei line shall 
be equal to the angle at the 
point wheie the blue part 
of the one line meets the 
black part of the other line, 
and the angle at the point 
where the yellow part of 
one lme meets the blue 
pait of the other lme shall 
be equal to the angle at the point wheie the black part of 
the one line meets the led pait of the other line This we 
have to prove 

Because the straight red lme makes with the straight 
yellow and black lme the angle at the point where it meets 
the yellow part of the line and the angle at the point where 
it meets the black part of the lme, these angles are together 
equal to two light angles, as shown in Proposition XIII 
Again, because the straight black lme makes with the straight 
red and blue line the angle at the point where it meets the 
red part of the lme, and the angle at the point where it 
meets the blue part of the lme, these two angles are together 
equal to two right angles, as shown in Proposition XIII 
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And the angle at the point where the straight red line meets 
the yellow part of the line, and the angle at the point wheie 
it meets the black pait of the line, have been shown to be 
equal to two right angles , thei efore, according to Axiom I , 
which says that things which are equal to the same thing 
are equal to one another, the angle at the point where the 
red line meets the yellow part of the line, and the angle at 
the point where it meets the black part of the line, are equal 
to the angle at the point where the black line meets the red 
part of the line, and the angle at the point where it meets 
the blue part of the line Take away the angle at the point 
where the led line meets the black pait of the line, which 
is part of each of these equalb, and it follows, according to 
Axiom III , which says that if equals be taken from equals 
the reraaindeis are equal, that the remaining angle at the 
point where the red line meets the yellow pai t of the line is 
equal to the remaining angle at the point where the black 
line meets the blue part of the line In the same mannei 
it can be shown that the angle at the point where the yellow 
line meets the blue part of the line is equal to the angle at 
the point wheie the black line meets the red part of the line 
And each pair of these equal angles are vertical, 1 e. opposite, 
angles so that we have proved what we had to prove 

Corollary 1 (1 e another fact pioved) — From this it is 
plain that if two straight lines cut one another, the angles 
which they make at the point where they cut, are together 
equal to four light angles 

Corollary 2 (le another fact proved) — And therefore 
that all the angles made by any number of lines meeting m 
one point are together equal to four right angles 
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Proposition XVI —Theorem 

If one side of a triangle be produced {lengthened), the extend 
(outside) angle is greater than eithei oj the intenor (inside) 
opposite angles 


First, let us draw a triangle 

Second, let us pioduce (lengthen) the blue side of the 
triangle 

/ Then the exterior (out- 

1 side) angle at the point 

where the yollow line meets 
the dotted blue line shall 
lie gieiter than either of 
t the interior (inside) opposite 

angles at the point where 
/ the i ed line meets the yellow 

/ line and at the point where 

j it meets the blue line 

Thud, bisect (i e equally 
divide) the yellow line, as shown in Proposition X , and 
join the point of division 



with the point where the 
red side and the blue side 
meet 

Fourth, produce (length- 
en) the black line, and make 


the produced part equal to 
the black line, as shown in 
Proposition III 

Fifth, join the end of 
the produced black line 
with the point where the 
yellow line and the blue line meet 
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Because the thick part of the yellow line is equal to the 
thin part of the yellow line (foi we made it so), and the black 
line is equal to the dotted black line (for we made it so), the 
thick pait of the yellow 
line and the black line are 
equal to the thin part of 
the yellow line and the 
dotted black line, each to 
each and we know by 
Proposition XV that the angle at the point wheie the thick 
part of the yellow line meets the black line is equal to the 
angle at the point whete the thin pait of the yellow line 
meets the dotted bhck line because they are opposite 
vertical angles , therefore, as shown in Proposition IV , the 
base, vi ? the red line, is equal to the base, viz the dotted 
led line, and the tuangle formed by the thick pait of the 
yellow line, the black line, and the red line, is equal to the 
tuangle formed by the thm part of the yellow line, the dotted 
black line, and the dotted red line, and the remaining angles 
are equal to the remaining angles, each to each, to which 
the equal sides ate opposite Therefoie the angle at the 
point where the red line meets the thick part of the yellow 
line is equal to the angle at the point where the thm part 
of the yellow line meets the dotted red line But the angle 
at the point where the thin part of the yellow line meets 
the dotted blue line is gi eater than the angle at the point 
where the thm part of the yellow line meets the dotted red 
line, according to Axiom IX , which sajs that the whole is 
greater than its part Therefore the angle at the point 
wheie the yellow line meets the dotted blue line is greater 
than the angle at the point where the red line meets the 
thick part of the yellow line 

«■ In the same manner, if the blue side be bisected (1 e 
•“equally divided) and the yellow side produced, it may be 
shown that the angle at the point where the blue line 
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ireets the dotted yellow line, and consequently, accoiding 
to Proportion XV, the 
\ angle at the point where 

/ \ the thin part of the yel- 

/ \ low line meets the dotted 

> \ blue line (the opposite 

( \ vertical angle), is greatei 

\ than the angle at the pomt 

\ wheie the red line meets 

\ the blue line We have 

\ theiefore pioved what we 

had to piove 


Proposition XVII — Theorem 

Any two angles of a triangle are together levs than two right 
angles 

First, we draw a triangle We have to prove that any 
two of its angles are together less than two light angles 
Second, we produce (lengthen) the black side to any 
length 


1 


Then becai se the angle at the point where the dotted 
black line meets the red line is the Exterior (outside) angle 
of the triangle formed by the blue, the black, and the 
red lines, it follows, as shown in Proposition XVI , that it 
is greater than the interior (inside) and opposite angle at 
the point where the blue line meets the black line To each 
of these angles add the angle at the point where the red hue 
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meets the black lino It is th en true, according to Axiom I Y , 
which says that if equals be added to unequals the wholes 
are unequal, that the angle at the point where the Ped line 
meets the dotted black line, and the angle at the point where 
it meets the black line, ai e together greater than the angle 
at the pomt where the blue line meets the black line, and 
the angle at the point where the red line meets the black 
line But we know by what we proved m Proposition XIII 
that the angle at the point where the red line meets the 
black line, and the angle at the pomt where it meets the 
dotted black line, are together equal to two right angles 
therefore the angle at the pomt wheie the blue line meets 
the black line, and the angle at the point where the red 
line meets the black line, are together less than two right 
angles And these aie two interior angles ot the triangle 
In the same way, by producing the blue side and the red 
side of the triangle, it may be shown that the angle at 
the point where the blue line meets the red line, and the 
angle at the pomt where it meets the black line, are together 
less than two light angles, and that the angle at the point 
where the red line meets the black line, and the angle at 
the pomt where it meets the blue lme, are together less than 
two right angles. We have therefore proved what we had 
to prove 


Proposition XVIII.— Theorem 

The greater side of every triangle is opposite to the greater 
angle 

First, let us draw a tnangle, the red side of which is 
greater than the blue side We have to prove that the 
fngle at the point where the blue line meets the black line 
ts greater than the angle at the point where the red line 
meets the black lme. 
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Because the red line is greatei than the blue line (foi we 
made it so), cut off fiom it, as shown m Proposition III , a 
part equal to the blue lme , and join the end of the part cut 
off with the point where the blue line meet** the black line 


/ 



Then because the angle at the point where the thin part 
of the red lme meets the yellow line is the exterior (out- 
side) angle of the tiiangle formed by the yellow lme, the 
thick part of the led lme, and the black line, it is greater, as 
shown m Proposition XVI , than the interior (inside) and 
opposite angle at the point where the red line meets the 
black line But the angle at the point where the thm part 
of the red line meets the yellow lme is equal to the angle at 
the point where the blue line meets the yellow line, because 
the thin part of the red lme is equal to the blue lme (for we 
made it so) therefore the angle at the point where the blue 
line meets the yellow line is also greater than the angle at 
the point where the red line meets the black lme Much 
more then is the angle at the point where the blue line 
meets the black lme greater than the angle at the point 
where the red line meets the black line We have there- 
fore pioved what we had to piove 


Proposition XIX —Theorem 

The greater angle of every triangle is subtended by the greater 
side, or has the greater side opposite to it 

First, we draw a triangle, making the angle at the point 
where the blue side of the triangle meets the black side 
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gi eater than the angle at the point wtiere the red side meets 
the black side We have to prove that the led side is 
greater than the blue side 

If it be not greater, the red side must be either equal to 
01 less than the blue side It is 
not equal, because then the angle 
at the point where the led side 
meets the black side would be 
equal to the angle at the point 
where the blue side meets the A 

b’ack side, as shown in Proposition V , and it is not, because 
we made it less Theiefoie the ted line is not equal to the 
blue line Neither is the ted line less than the blue line, 
because then, as shown in Proposition XVIII , the angle at 
the point where the blue line meets the black line would he 
less than the angle at the point where the red line meets the 
black line , but it is not, because we made it greater There- 
fore the red line is not less than the blue line And it has 
been shown that it is not equal to it , hence the red line 
must be gieater than the blue line which is what we had 
tb piove 


Proposition XX — Theorem 

Any two sides of a triangle are together greater than the 
third side 

First, we draw a triangle We have to prove that any 
two sides of it are together gieater 
than the thud side, viz the blue \ 

side and the red side greater than 
the black side, the blue side and 
a the black side greater than the 
*ed side, and the black side and the red side greater than the 
blue side 
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Second, produce the blue line, and make the dotted blue 
line equal to the red line, as shown m Pioposition III 
Third, join the end of the dotted blue line with the 
point where the red line meets the. black line 


\ 


Because the dotted blue line is equal to the red line (fot 
we made it so), the angle at the point where the dotted blue 
line meets the dotted red hne is equal to the angle at the 
point where the red line meets the dotted red line, as shown 
in Proposition V But the angle at the point where the 
black line meets the dotted red line is greater than the angle 
at the point where the red line meets the dotted red line, 
according to Axiom IX , which says that the whole is 
greater than its part , therefore the angle at the point 
where the black line meets the dotted red line is greater 
than the angle at the point where the dotted blue line meets 
the dotted red line And because the angle at the point 
where the black side meets the dotted red side of the triangle 
formed by the dotted red line, the black line, and the blue 
and dotted blue line, is greater than the angle at the point 
where the blue and dotted blue line meets the dotted red 
line, and that, as shown in Proposition XIX , the greater 
angle is subtended by (1 e has opposite to it) the greater 
side, therefore the blue and dotted blue side is greater than 
the black side But the blue and dotted blue line is equal 
to the blue hne and the red line together, because the dotted 
blue line being equal to the red line (for we made it so), 
if we add the blue line to each, it follows from Axiom II , 
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which says that if equals be added to equals the wholes are 
equal, that the whole blue and dotted blue line is equal to 
the blue line and the red line togethei Therefore the blue 
side and the led side are together greater than the black 
side In the same way we can prove that the blue side and 
the black side are together gi eater than the red side, and 
the black side and the red side together greater than the 
blue side We have therefore proved what we had to 
prove 


Proposi rioN XXI —Theorem 

If from the ends of the side of a triangle there be drawn tuo 
straight lines to a point within the triangle, these shall be 
less than the other two sides of the triangle, but shall con- 
tain a greater angle 

First, we draw a triangle, and mark a point within it 
Second, we draw two \ 

straight lines, one from each \ 

eifd of the black line, to the 
point marked within the tri- 
angle We have to prove 
that the dotted blue line and 
the dotted red line are less 
than the blue line and the 
red line, but that the angle 
at the point where the dotted 
blue line and the dotted red 
line meet is greater than the 
angle at the point where the - 
blue line and the red line meet 
m Third, we produce the dotted blue line to meet the 
raid line. 

Thou because two sides of a triangle are greater than the 
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third side, as shown in Proposition XX , the blue side and 
the thick led side of the triangle formed by the blue line, 
the thick red line, and the 
dotted blue and yellow line, 
are greatei than the dotted 
blue and yellow line To 
each of these add the thin 
red line Then, according to 
Axiom IV , which says that 
if equals be added to unequal s the wholes are unequal, the 
two sides, viz the blue side and tho side composed of the 
thick led line and the thin red line, are greater than the two 
sides, viz the side composed of the dotted blue line and the 
yellow line, and the thin red line Again, because, accord- 
ing to Proposition XX , the thin red side and the yellow side 
of the triangle formed by the thin red line, the yellow line, 
and the dotted red line, are greater than the dotted red line, 
add the dotted blue line to each of these Then, according 
to Axiom IV , which says that if equals be added to un- 
equals the wholes aie unequal, the two sides, viz the thm 
red side and the side composed of the yellow line and the 
dotted blue line, are greater than the dotted red line and the 
dotted blue line But we have shown that the two sides, 
viz the blue side and the side composed of the thick red line 
and the thm red Ime, ai e greater than the two sides, viz the 
side composed of the dotted blue lme and the yellow line, 
and the thm red lme much more then are the two sides, 
viz the blue side and the side composed of the thick red lme 
and the thm red line, greater than the two sides, viz the 
dotted blue lme and the dotted red lme which is the first 
part of what we had to prove 

Again, because, as shown in Proposition XVI , the 
exterior (outside) angle of a triangle is greater than the 
interior (inside) and opposite angle, the extenor angle at the 
poult where the dotted blue lme and the dotted red lme 
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meet, of the tnangle formed by the dotted red line, the 
yellow line, and the thin red line, is greater than the angle 
at the point where the thin red line and the yellow line 
meet .For the same reason, the exterior angle at the point 
wheie the thin red line and the line composed of the dotted 
blue line and the yellow line meet, of the tnangle formed by 
the blue line, the dotted blue and the yellow lme, and the 
thick led line, is gieatei than the angle at the point wheie 
the blue lme meets the red line And we have shown that 
the angle at the point wheie the dotted blue line meets the 
dotted red line is greitei than the angle at the point wheie 
the thin led line and the line composed of the dotted blue 
line and the jellow lme meet, theiefore much more is the 
angle at the point where the dotted blue line and the dotted 
led line meet gieatei than the angle at the point where the 
blue lme and the led lme meet which is the other part of 
what we had to proi e 


, Proposition XXII — Proulem 

To male a tnangle of which the aides shall be equal to three 
given straight lines , but any two of these lines must be 
greater than the third {according to Proposition XX ) 

First, we draw the three stiaight lines, of which any two 
whatevei are greater than the third, viz the red lme and 

the blue line greater than the black lme, the 

red line and the black lme greater than the 
blue lme, and the blue line and the black 
lme greater than the red line 

What we have to do is to make a triangle of which the 
sides shall be equal to the red lme, the blue lme, and the 
black lme, each to each 

Second, we draw another straight line, beginning from 
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some fixed point, but of an unlimited length m the other 
direction, and, as shown in Proposition III , make the thick 
yellow part equal to the red 
line, the thm yellow part equal 
to the blue line, and the dotted 
yellow part equal to the black line 

Third, from the point where the thick yellow part of the 
line meets the thin yellow part 
of the line as centie, at a dis- 
tance equal to the thick yellow 
part, we make the red circle 
as allowed by Postulate III , 
which says that a circle may 
be made from any centie, 
at any distance from that 
centre 

Fouith, from the point where the thm yellow part of the 
line meets the dotted yellow part of the line as centre, at 
a distance equal to the thin 
dotted line, we make the black 

O circle as allowed by Postu- 
late III , just quoted 

Fifth, we join either of the 
points where the red circle 
cuts the black circle, with the 
x two ends of the thin part of the 

~ - yellow line Then the triangle 

formed by the dotted red line, the dotted black line, and 
the thin part of the yellow line, shall have its sides equal to 
the three straight lines, the red line, the black line, and the 
blue line 

Because the point where the thick part of the yellow 
line meets the dotted red line is the centre of the red 


circle, the thick part of the yellow line is equal to the dotted 
red line, according to Definition XY , which says that all 
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straight lines drawn from the centre of a cucle to the cn- 
cumference are equal to one another But the thick part of 
the yellow line is equal to the 
straight red line (for we m tde 
it so), therefoie, according 
to Axiom I , which says that 
things which aie equal to the 
same thing aie equal to one 
another, the dotted led line 
is equal to the straight red 
line 

Again, because the point where the dotted p u t of the yel- 
low line meets the dotted black line is the centie of the black 
circle, the dotted part of the yellow line is equ il to the dotted 
black line, according to Definition XV just quoted But 
the dotted pirt of the yellow line is equal to the straight 
hi ick lino (for we made it so), therefore, icroidmgto Axiom I 
just quoted, the dotted black line is equ il to the sti .light black 
line And the thm pait of the yellow line we made equal 
to the straight blue line, therefoie the three stiaight lines, 
viz the dotted red line, the thm part of the yellow line, 
and the dotted black line, are equal to the three, viz the red 
line, the blue line, and the black line, and consequently the 
triangle formed by the dotted red line, the thm part of the 
yellow line, and the dotted black line, has its three sides 
equal to the three given straight lines which is what we 
had to do 



Proposition XXIII —Problem 

At a given point m a given sti aight line to make a rectilineal 
angle ( i e an angle contained by straight lines) equal a 
given rectilineal angle. 

Fust, we draw the straight Ime and take the upper end 
of it as the point at which the angle is to be made 
E 
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Second, we draw the angle which is the given rectilineal 
angle (1 e an angle contained by straight lines) 

What we have to do is to make at the 
upper end of the red line an angle equal to 
the angle at the point wheie the blue line 
meets the black line 

Third, in the blue line we take any point, 
and m the black line take my point ind join 
those points 

Fourth, as shown in Proposition XXII , 
we make the tuangle formed by the red line, 
the dotted blue line, and the dotted black line, 
the sides of which shall be equal to the three 
straight lines, the blue line, the black line, 
and the yellow line, viz the red side to the blue line, the 
dotted black side to the yellow line, and the dotted blue side 


/I 


/ 

/ 

/ 


/ 


to the black line The angle at the point where the led 
line meets the dotted blue line shall be equal to the angle 
at the point where the blue line meets the black line 

Because the hlue line and the black line are equal to the 
red line and the dotted blue line, each to each, and the base, 
viz the yellow line, to the base, viz the dotted black line (foi 
we made them so), it follows, as shown in Pioposition VIII , 
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that the angle at the point where the blue line and the 
black line meet is equal to the ingle at the point where the 
led line and the dotted blue line meet We have therefore 
made m angle at the upper end of the red line equal to the 
given angle, as required 


Proposition XXIV — Theorem 

If two ti tangles ham two sides of the one equal to two sides of 
the of he) , each to each, hut the angle contained by the two 
sides of one of them gt eater than the angle contained by 
the two sides equal to them of the other, the base of the 
ti tangle which has the greatei angle shall be gi eater than 
the base of the othei 

First, we diaw two tn ingles, having the led side and the 
blue side of the one equal to the dotted led side and the 


dotted blue side of the othei, each to each, viz the red side 
to the dotted red side, and the blue side to the dotted blue 
side, but the angle at the point where the led side and the 
blue side meet greater than the angle at the point where the 
dotted red side and the dotted blue side meet we have to 
prove that the base, viz the black side, is greater than the 
base, viz the dotted black side 

Second, of the two sides, viz the dotted red side and the 
dotted blue side, let the dotted red side be the one which is 
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not greatei than the other, and at the point where these two 
sides meet, make, as shown in Proposition XXIII , the angle 
^ formed by the dotted yellow line and the 

dotted led side equal to the angle at the 
point wheie the blue side meets the red 
' side, and, as shown in Pioposition III , 

make the dotted yellow line equal to the 
blue side, 01 the dotted blue side 

Third, we join the lower end of the 
dotted yellow line with the point wheie 
the dotted red side meets the dotted black side, and with the 
point where the dotted blue side meets the dotted black side 
Beciuse the red side is equal to the 
dotted led side (by the Hypothesis), and 
the blue side equ tl to the dotted yell oh 
line (for we made it so), the two sides, 
viz the red side and the blue side, ue 
equ.il to the two sides, viz the dotted led 
side and the dotted yellow line, each to 
each, and the angle at the point wheie 
the red side and the blue side meet is 
equal to the angle at the point where the dotted led side and 
the dotted yellow line meet (for we made it so) , therefoie, 
as shown m Pioposition IY , the base, viz the thick black 
line, is equal to the base, viz the thin black line 

And because the dotted yellow line is equal to the dotted 
blue side, the angle at the point where the dotted blue side 
meets the yellow line is equal to the angle at the point 
where the dotted yellow line meets the yellow line, as shown 
m Proposition Y But the angle at the point where the 
dotted yellow line meets the yellow line is greater than the 
angle at the point where the thin black line meets the 
yellow line, according to Axiom IX , which says that the 
whole is greater than its part therefore the angle at the 
point where the dotted blue line meets the yellow line is 
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greater than the angle at the point where the thin black line 
meets the yellow line therefore much more is the angle at 
the point where the dotted black side meets the yellow side 
greater than the angle at the point where the thin black line 
meets the yellow line And because, in the triangle formed 
by the dotted black line, the yellow line, and the thin black 
line, the angle at the point where the dotted black line meets 
the yellow line is greater than the angle at the point where 
the thin black line meets the yellow line, and that, as shown in 
Proposition XIX , the greatei angle is subtended by (1 e has 
opposite to it) the gr alter side, theiefore the thin black side 
is greater than the dotted black side But the thin black 
side was proved to be equal to the thick black side, therefore 
the thick black side is greater than the dotted black side 
which is what wo had to prove 


Proposition XXV —Theorem 

Jf two triangles have two sides of the one equal to two sides 
of the other , each to each , hut the base of the one greatei 
than the base of the other, the angle contained by the 
sides of that which has the greater base shall be greater 
than the angle contained by the sides equal to them , of the 
other 

First, let us make two tnangles, of which the red side and 
the blue side of the one are equal to the dotted red side and 



the dotted blue side of the other, each to each, viz the Ted side 
to the dotted red side, and the blue side to the dotted blue 
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side, but the ba«e, viz the black side, greater than the base, 
viz the dotted black side Then we have to prove that the 
angle at the point wheie the red side and the blue side meet 
is gieater than the angle at the point where the dotted led 
side and the dotted blue side meet 

If it be not greater, it must either be equal to or less 
than it But the angle at the point where the led side meets 
the blue side is not equal to the angle at the point where the 
dotted red side mepts the dotted blue side, because if it were, 
then, according to Proposition IV, the base, vi 7 the black 
side, would be equal to the base, viz the dotted black side, 
which it is not, according to the Hypothesis Neither is it 
less, beciuse if it were, then, accoiding to Pioposition XXIY , 
the base, viz the black side, would bo less than the base, 
viz the dotted black side, which it is not, accoiding to the 
Hypothesis Therefore, as the angle at the point where the 
red side meets the blue side is neithei equal to the angle at 
the point wheie the dotted red side meets the dotted blue 
side, nor less than it, it is greater than it which is what we 
had to prove 


Proposition XXVI— Iheorem 

1/ (wo triangles have two amjles of the one equal to two angles 
of the other , each to each , ami one side equal to one side 
viz either the sides adjacent to ( adjoining ) the equal 
angles, or the sides opposite to equal angles in each , then 
shall the other sides he equal , each to each , and also the 
thu d angle of the one to the third angle of the other 
First, let us make two triangles which hav e the angle at 
the point where the red side meets the black side, and the 
angle at the point where the blue side meets the black side, 
equal to the angle at the point wheie the dotted red side 
meets the dotted black side, and the angle^t the point where 
the dotted blue side meets the dotted black side, each to 
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each, \iz the angle at the point where the red side meets the 
black side, equal to the angle at the point where the dotted 


led side meets the dotted black side, and the angle at the 
point where the blue side meets the black side equal to the 
angle at the point where the dotted blue side meets the 
dotted black side Also one side equal to one side and first 
let those sides be equal which are adjacent to (adjoining) 
the angles that are equal in the two triangles, viz the black 
side to the dotted black side Then the other sides shall be 
equal, each to each, viz the red side to the dotted red side, 
and the blue side to the dotted blue side, and the third angle 
at the point where the red side and the blue side meet, equal 
to the third angle at the point where the dotted red side 
meets the dotted blue side 

For if the red side be not equal to the dotted red side, 
one of them must be greater than the other Let the red 


side be the greater of the two, and, as shown in Proposi- 
tion III., cut off a part of it equal to the dotted red side, and 
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)om the end of the part ihuscut off with the point where the 
blue bide and the black side meet Ihen because the thin 
part of the led side is equal to the dotted red side, and the 
black side to the dotted black side (by the Hypothesis), the 
two sides, viz the thin pait of tbo red side and the black 
side, aie equal to the two sides, \iz the dotted red side and 
the dotted black side, each to each And the angle at the 
point where the thin part of the red side meets the black 
side is equal to the angle at the point where the dotted red 
side meets the dotted black side (by the Hypothesis), there- 
fore, as shown in Proposition IV , the base, viz the yel’ow 
side, is equal to the base, viz the dotted blue side, and the 
triangle formed by the thm part of the red side, the black 
side, and the yellow side, to the tuangle foimed by the 
dotted red side, the dotted black side, and the dotted blue 
side , and the othei angles to the other angles, each to each, 
to which the equal sides are opposite Therefore the angle 
at the point where the yellow side meets the black side is 
equal to the angle at the point where the clotted blue side 
meets the dotted black side But the angle at the point 
where the dotted blue side meets the dotted black side is, by 
the Hypothesis, equal to the angle at the point w'here the 
blue side meets the black side therefore, according to 
Axiom I, which says that things which aie equal to the 
same thing are equal to one another, the angle at the point 
where the black side meets the yellow side is equal to the 
angle at the point where the black srde meets the blue side, 
the less to the greater, which is impossible Therefore the 
whole red side is not unequal to the dotted red side, 1 e it is 
equal to it , and the black side is equal to the dotted black 
side, by the Hypothesis, therefore the two, viz the whole red 
side and the black side, are equal to the two, viz the dotted 
led side and the dotted black side, each to each , and, by the 
Hypothesis, the angle at the point where the red side meets 
the black side is equal to the angle at the point whore the 



PROPOSITION XXVI. 


57 


dotted red side meets the dotted black side, therefore, as 
shown m Pioposition IV , the base, vi/ the blue side, is 
equal to the base, viz the dotted blue side, and the third 
angle, at the point where the red side meets the blue side, to 
the third angle, at the point wheie the dotted red side meets 
the dotted blue side which is wlnt we had to piove 

Next, let tho sides which aie opposite to equal angles in 
each triangle be equal to one anothei, viz the red side to 
the dotted red side likewise, m this case, the other sides 
shall be equal, vi/ tho blue side to tho dottod blue side, and 
the black side to the dotted black side, and also the third 
angle, at the point where the red side meets the blue side, to 
the third angle, at the point wheie the dotted red side meets 
the dotted blue side 

For if the black sido bo not equal to the dotted black 
side, let the black side be the greater of them, and fiom it, 


as shown in Proposition III , cut off a part equal to the 
dotted black side, and join the end of the part thus cut off 
with the point where the red side meets the blue side 
Then because the thin part of the black side is equal to the 
dotted black side, and the red side to the dotted red side (by 
the Hypothesis), the two, viz the red side and the thin part 
of the black side, are equal to the two, viz the dotted red 
side and the dotted black side, each to each, and by the 
Hypothesis the angle at the point where the red side meets 
the black side is equal to the angle at the point where the 
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dotted red side meets the dotted black side , therefore, as 
shown m Proposition IV , the base, viz the yellow side, is 
equal to the base, viz the dotted blue side, and the triangle 
formed by the red side, the thin pai t of the black side, and 
the yellow side, to the triangle formed by the dotted red 
side, the dotted black side, and the dotted blue side, and the 
other angles to the other ingles, each to each, to which the 
equal sides <11*6 opposite therefore the angle at the point 
wheie the yellow side meets the black side is equal to the 
angle at the point where the dotted blue side meets the 
dotted black side But, by the Hypothesis, the angle at the 
point wheie the dotted blue side meets the dotted black side is 
equal to the angle at the point where the blue side meets 
the black side , therefoie, accoiding to Axiom I , which says 
that things which aie equal to the same thing aie equal to 
one another, the angle at the point where the vellow side 
meets the black side is equal to the angle at the point where 
the blue side meets the black side, 1 e the exterior (out- 
side) angle of the triangle formed by the yellow side, the 
thick part of the black side, and the blue side, is equal to 
its interior (inside) angle, which is impossible, as shown 
in Proposition XVI Consequently the whole black side is 
not unequal to the dotted black side, 1 e it is equal to it 
And the led sale is by the Hypothesis equal to the dotted 
led side, therefore the two, viz the red side and the whole 
black side, are equal to the two, viz the dotted red side and 
the dotted black side, each to each And the angle at the 
point where the red side meets the black side is by the 
Hypothesis equal to the angle at the point where the dotted 
red side meets the dotted black side , tnei efore, as shown m 
Projiosition IV , the base, viz the blue side, is equal to the 
base, viz the dotted blue side, and the third angle, at the 
point where the red side meets the blue side, to the third 
angle, at the point where the dotted red side meets the dotted 
blue side . which is what we had to prove, 
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Proposition XXVII —Theorem 

If a straiylit line falling upon two other straight him makes 
the alternate angles equal to one another , these two straight 
lines shall he paiallel 

First, let us diaw the straight black line, which falls 
upon the two straight lines, viz the red line and the blue 
line, and makes the alternate 
angles, viz the angle at the point 
where the thick p irt of the led line 
meets the bl ick line, and the angle 
at the point wheie the bluk line 
mtets the thick put of the blue 
line, equal to one anothet then 
we have to prove that the i ed line 
is paiallel to the blue line 

If the two lines be not paiallel, they will meet if pro- 
duced either on the right hand or on the left band Let 
us produce them and sup- 
pose them to meet on the 
right hand 

Then the figuie foimed 
by the thin part of the led 
line, the dotted led line, the 
dotted blue line, and the 
thick part of the blue line, is 
a triangle, and, as shown in 
Pioposition XVI , its exterior angle, at the point where 
the thick part of the red line meets the black line, is greater 
than the interior and opposite angle, at the point where 
the thick part of the blue line meets the black line But 
according to the Hypothesis it is equal to it , therefore it is 
impossible for it to be greater than it, and consequently 
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the red line and the blue line being produced do not meet 
on the right hand In like manner, it can be shown they 
do not meet on the left hand Blit, according to Definition 
XXXV , those straight lines which meet neither way though 
produced ever so fai, are parallel to one anothei therefoie 
the red line is paiallel to the blue line which is what we 
had to prove 


Proposition XXVIII — Theorlm 

Ij a straight line falling upon two other straight lines makes 
the exterior angle equal to the interior and opposite 
angle upon the same side of the line , or makes the in- 
terior angles upon the same side toqethei equal to two 
right angles , the two straight tines shall he parallel to one 
another 


First, let us draw the straight black line which falls upon 
the two stiaight lines, viz the led line and the blue line, 



and makes the exterior angle 
at the point where the thin 
pait of the black line meets 
the thin part of the red line, 
equal to the interior and oppo- 
site angle at the point wheie 
the thick pait of the black line 
meets the thick part of the 


blue lme, upon the same side 01 makes the interior angles 
on the same side, viz the angle at the point where the thm 
part of the red line meets the thick part of the black line, 


and the angle at the point where the thick part of the blue 


line meets the thick part of the black lme, together equal 


to two right angles. We have to prove that the red line 
is parallel to the blue lme. 
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Because the angle at the point where the thin part of 
the black line meets the thm pait of the red jine is equal 
to the angle at the point where the thick part of the black 
line meets the thick pait of the blue line (according to 
the Hypothesis), and the angle at the point wheie the thm 
part of the black line meets the thin part of the red line is 
also equal, as shown m Proposition XV , to the angle at the 
point wheie the thick part of the led line meets the thick 
part of the black line, therefore the angle at the point 
where the thick pirt of the red line meets the thick part of 
the black line is equal to the angle at the point where the 
thick pait of the black line meets the thick pait of the 
blue line, according to Axiom I , which says that things 
which aie equal to the same thing are equal to one another 
And these two angles .ire alternate angles therefore, as 
shown m Proposition XXVII , the red line is parallel to 
the blue line 

Again, because the angle at the point wheie the thm 
pait of the red line meets the thick pait of the black line, 
and the angle at the point where the thick part of the blue 
line meets the thick pait of the black line, are together equal 
to two right angles (according to the Hypothesis), and that 
the angle at the point wheie the thick part of the red line 
meets the thick pait of the black line, and the angle at the 
point where the thin part of the red line meets the thick 
part of the black line, are also together equal to two^nght 
angles, therefore the angle at the point where the thick 
part of the red line meets the thick part of the black line, 
and the angle at the point where the thm part of the red 
line meets the thick part of the black line are equal to the 
angle at the point where the thm part of the red line meets 
the thick part of the black line, and the angle at the point 
where the thick part of the black line meets the thick part 
of the blue line, according to Axiom I , which says that 
things which are equal to the same thing are equal to one 
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another Let us now take away the angle at the point 
where the thin part of the led line meets the thick part of 
the black line, which is part of each of these equals, and it 
follows, accoiding to Axiom III , which says that if equals 
be taken from equals, the lemainders are equal, that the 
lemaming angle at the point where the thick pait of the led 
line meets the thick part of the black line is equal to the 
lemaming angle at the point where the thick part of the 
black line meets the thick part of the blue line And 
these are alternate angles, theiefoie, as shown in Pro- 
position XXVII , the red line is paiallel to the blue line 
which is what we had to prove 


Proposition XXIX —-Theorem 

If a st) (i u flit line fall upon two paiallel stiaiqhl line 6, it 
makes the alternate anqles equal to one another , and the 
ertenoi angle equal to the interior and opposite angle 
upon the same side , and likewise the two intenor angles 
upon the same side together equal to two right angles 


First, we draw the straight black line falling upon the 
parallel stiaight lines, the blue line, and the red line We 



have to prove that the alter- 
nate angles, viz the angle at 
the point where the thick pait 
of the red line meets the thick 
part of the black line, and the 
angle at the point where the 
thick part of the black line 
meets the thin pait of the blue 


line, are equal to one another, and the exterior angle at 


the point where the thin pait of the black line meets the 
thin part of the red line, equal to the interior and opposite 
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angle upon the same side, viz the angle at the point where 
the thick part of the black line meets the thin part of 
the blue line , and the two interior angles upon the same 
side, viz the angle at the point wheie the thin pait of the 
red line meets the thick part of the black line, and the 
angle at the point where the thick part of the black line 
meets the thin pait of the blue line, togethei equal to two 
light angles 

For if the angle at the point where the thick pait of the 
red line meets the thick pait of the black line be not equal 
to the angle at the point where the thick part of the black 
line meets the thin part of the blue line, one of them must 
be gieatei than the other We will suppose the angle at 
the point where the thick part of the led line meets the 
thick pait of the black line to be the greater Then because 
the angle at the point wheie the thick part of the red line 
meets the thick part of the black line ls gi eater than the 
angle at the point wheie the thick pait of the black line 
meets the thin pait of the blue line, to each of these add the 
angle at the point where the thin pait of the red line meets 
the thick pait of the black line Then according to Axiom 
IV, which says that if equals be added to unequals the 
wholes are unequal, the angle at the point where the thick 
part of the red line meets the thick pait of the black line, 
and the angle at the point where the thin part of the red 
line meets the thick part of the black line, aie togethei 
greater than the angle at the point where the thin part of 
the red line meets the thick pait of the black line, and the 
angle at the point where the thick part of the black line 
meets the thin part of the blue line But, as shown in Pro 
position XIII , the angle at the point where the thick part 
of the red line meets the thick part of the black line, and 
that angle at the point where the thin part of the red line 
meets the thick part of the black line, are together equal to 
two right angles, therefore the angle at the point wheie 
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the thin pait of the red line meets the thick part of the 
black line, and the angle at the point where the thick part 
of the black line meets the thm part of the blue line, 
are together less than two right angles But, accoidmg 
to Axiom XII , those straight lines which, with another 
straight line falling upon them, make the interioi angles 
on the same side less than two right angles will meet 
together if continually lengthened , therefore the stiaight 
lines, vi/ the led line and the blue line, if lengthened 
far enough, will meet But they nevei meet because they 
are parallel (by the Hypothesis) , theiefore the angle at the 
point where the thick pait of the red lino meets the thick 
part of the black line is not unequal to the angle at the 
point where the thick part of the black line meets the thin 
pait of the blue line, le it is equal to it But, as shown 
in Proposition XV , the angle at the point whcie the thick 
part of the led line meets the thick part of the black line is 
equal to the angle at the point where the thin part of the 
black line meets the thm part of the red line, theiefore, 
according to Axiom I , which says that things which are 
equal to the same thing aie equal to one another, the angle at 
the point where the thm part of the black line meets the 
thin part of the red line is equal to the angle at the point 
where the thick part of the black line meets the thm part of 
the blue line If we now add to each of these equals the 
angle at the point where the thin part of the red line meets 
the thick pait of the black line, it follows, according to 
Axiom II , which says that if equals be added to equals the 
wholes are equal, that the angle at the point wheie the thm 
part of the black line meets the thm part of the red line, and 
the angle at the point where the thin part of the red line 
meets the thick part of the bJ(ick line, are equal to the angle 
at the point where the thm part of the red line meets the thick 
part of the black line, and the angle at the point where the 
thick part of the black lme meets the thm part of the blue 
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line But, as shown in Proposition XIII , the angle at the 
point where the thin part of the black line meets the thin 
part of the red line, and the angle at the point wheie the 
thm part of the red line meets the thick part of the black 
line, aie togethei equal to two right angles, therefore, 
according to Axiom I , which says that things which are 
equal to the same thing are equal to one another, the angle 
at the point where the thm part of the red line meets the 
thick pait of the black line, and (he angle at the point wheie 
the thick pait of the black line meets the thm part of the 
blue line, are also together equal to two light angles We 
have thus proved what we had to prove 


Proposition XXX — Tmoitnr 

Stmufht lines winch an parallel to the same sttaajht hue ate 
patallel to each othu 

Fust, we diaw a straight line — 

Second, we draw two othei straight lines, each of them 


parallel to the line we first diew We have to piove that 
the blue line is parallel to the led line 

Third, we diaw a straight yellow line, cutting the blue 
line, the black Ime, and the red lme 

Then because the straight yellow lme cuts the parallel 
straight lines, the blue lme, and the black line, we know 
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that, as shown in Proposition XXIX , the angle at the 
point where the thick pai t of the blue line meets the thin 
part of the j ellow line, is equal to the angle at the point 
where the thin pait of the yellow line meets the thin part of 
the black line 

Again, because the stiaight yellow line cuts the parallel 
straight lines, the black line, and the red line, we know that, 
as shown in Proposition XXIX , the angle at the point 
where the thin part of the j^ellow line meets the thin part of 
the black line is equal to the angle at the point where the 
dotted pait of the yellow line meets the thin part of the red 
line And we have shown that the angle at the point where 
the thick part of the blue line meets the thm paitof the 
yellow line is equal to the angle at the point wheie the 
thm part of the yellow line meets the thin part of the black 
line, therefore, accoidmg to Axiom I, which says that 
things which are equal to the same thing are equal to one 
another, 1 he angle at the point where the thick put of the 
blue line meets the thm pait of the yellow line is equal to 
the angle at the point where the dotted part of the yellow 
line meets the thm part of the led line And these two 
angles aie alternate angles, theiefoie, as shown in Pio* 
position XXVII , the blue line is parallel to the red line 
which is what we had to prove 


Proposition XXXI— Probiem 

To draw a straight line through a given point parallel to 
a given straight line 

First, we mark a point and draw a straight line We 
have to draw a line parallel to the black line, through the 
blue point 

Second, in the blaok line we take any pomt, and join that 
point with the blue point 
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Third, at the blue point in the blue line, as shown in 
Proposition XXIII , we make the angle foimed b) the meet 
ing of the blue line and the red lme equal to the angle at 


the point wheie the blue line meets the tlun part of the 
black me 

Fouith, we ptoduce (lengthen) the red line to any dis- 


tance Then the led lme shall be parallel to the black line, 
and we have to piove it 

Because the stiaight blue line which meets the two 
stiaight lines, the red line and the black lme, makes the 
alternate angles equal, viz the angle at the point where the 
thick part of the red line meets the blue line, equal to the 
angle at the point where the blue line meets the thin part of 
the black line— and they are equal (for we made them so) — 
we know, from what we have shown in Proposition XXVII , 
that the red line is parallel to the black lme And the red 
lme is drawn through the blue point which is what we had 
to do- 





ELEMENTS OF EUCLID BOOK 


68 


Proposition XXXII —Theorem 

If a side of any tnanjle be pr oduced (lengthened), the ex - 
tenor any Ip is equal to the two ulterior and opposite, 
anyles and the three interior angles of ever g ti tangle a> e 
equal to two right angles 

Fust, we draw a triangle 

Second, we produce the blue side to any distance Then 
we have to piove that the exterior 
angle , it the point wlieie the black 
line meets the dotted blue line, is equal 
to the two interim and opposite angles, 
vi/ the angle at tin point whue the 
black line meets the led line, and the 
ingle at the point where the red line meets tilt blue line, 
ind that the thiee interior angles of the tumgle, vi/ the 
angle at the point wheie the 
red line meets the blue line, 
the angle at the point where 
the blue line meets the black 
line, and the angle at the 
point where the black line 
meets the led line, aie togethei equal to two light angles 
Thud, through the point wheie the black line meets the 
dotted blue line, as shown in 
Pioposition XXXI , we diaw 
the dotted black line parallel 
to the led line 

Then, because the led 
line is paiallel to the dotted black line, and the black line 
meets them, wt know that, as shown in Pioposition XXIX , 
the alternate angles aie equal, viz the angle at the point 
wheie the red line meets the black line, equal to the angle 
at the point where the black line meets the dotted black 
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line Again, because the red line is parallel to the dotted 
black line and the bluo line falls on thecu, we know that 
as shown m Proposition XXIX , the extenoi angle, at the 
point wheie the dotted black line meets the dotted blue 
line, is equal to the interior and opposite angle, it the point 
w here the red line meets the blue line But w e have show n 
that the angle at the point where the black line meets the 
dotted black line, is equil to the angle at the point where 
the led line meets the black line, therefore, according to 
Axiom II, which says that if equals be added to equals 
the wholes aie equal, the whole ingle it the point wheie 
the black line meets the dotted blue line is equal to the two 
interioi and opposite angles, it the point wheie the black 
line meets the led line, and at the point where the blue line 
meets the red line If wc now add to these equals the 
ingle at the point where the black line meets the blue lint, 
it follows, according to Axiom II ]ust mentioned, that the 
angle at the point wheie the black line meets the dotted blue 
line, and the angle at the point where the black line meets 
the blue line, are together equal to the angle at the point 
where the black line meets the led line, the angle at the 
point where the red line meets the blue line, and the angle 
at the point wheie the blue line meets the black line But, 
as shown m Proposition XIII , the angle at the point wheie 
the black line meets the dotted blue line, and the angle at 
the point wheie the black Jme meets the blue line, are to 
gether equal to two right angles, thetefoie, according to 
Axiom I, which says that things which aie equal to the 
same thing aie equal to one another, the three angles, viz 
the angle at the point where the black line meets the red 
line, the angle at the point w T here the led line meets the 
blue line, and the angle at the point w r here the blue line 
meets the black line, are together equal to two right angles 
We have thus proved what we had to prove 

Corollary 1 (i e another fact proved) — From wliat we 
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have just proied, it follows that all the interim angles of 
any rectilineal figure (le figure foimed by straight lines), 
together with four light angles, are 
equil to twice as many right angles as 
the figure has sides 

To prove this, let us draw any lecti- 
hncal figure Then by di awing straight 
lines to each of its angles fiom any 
point within the figure, we can divide 
it into as many triangles as the figure has sidrs And by 
the last proposition pioved, we know that all the angles of 
these triangles are equal to twice as 
\ many right angles as there are tn ingles, 

‘as theie aie sides to the figure 
And the bime angles are equal to the 
angles of the figure, together with the 
angles at the blue point, which is the 
veitex (top point) of each of the tn- 
mgles And byOorolliry 2 ot Pioposition XY we know 
tli it all the angles at the blue point are together equal to 
four right angles Therefore all the angles of the figure, 
togethei with four light angles, are equal to twiee as many 
right angles as the figure has 
sides 

.. Corollary 2 (1 e anothci 

\ fact proved) — It also fol- 

lows from what we have just 
proved, that all the exterior 

. . angles of any rectilineal figur e 

are together equal to four 
right angles 

To prove this, let us draw any rectilineal figure 
Then, because, as shown in Proposition XIII , every in- 
terior angle, as, for instance, the angle at the point where 
the blue lme meets the black line, togethei with its adja- 
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cent exterior angle, viz the angle at the point wheie the 
blue line meets the dotted black line, is equal to two light 
angles, therefore all the interior angles together 'with all 
the exterior angles of the figure aie equal to twice as many 
light angles as theie aie sides of the figure, i e as shown m 
the ptevious Ooiollary, they are equal to ill the mtenoi 
angles of the figrne, togethei with four light angles theie- 
fore all the exterior angles ne equ d to fom light angles 


Proposition XXX [II — Theorfm 

The straiqht hues which join the, gcjpemihes oftiio equal 
and parnlld stxnqht liras totDctffti'tke same parts a)* 1 
also thunstlves equal and parallel 

Fust, we draw two eqml ind paiallel straight lines, vi/ 
the blue line mil the ml line 


Second, we join them towards the same parts by 
straight lines, viz the- dotted blue line and the dotted red 
line We have to piove that the dotted blue line and the 
dotted red line aie equal and parallel 

Thud, we join the point where the dotted red line and 
the blue line meet, with the pomt where the red line and 
the dotted blue line meet 

Then, because the red line is parallel to the blue line, 
and the black line meets them, the alternate angles are 
equal, as shown m Proposition XXIX , viz the angle at the 
point where the red line meets the black line, equal to the 
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angle at the point where the black line meets the blue 
line And because the red line is equal to the blue line (by 
the Hypothesis), and the blitk 
line is pait of each of the tn- 
angles, the one of which is formed 
by the red line, the black line, 
and the dotted led lint, and the 
othei by the black line, the blue 
line, and the dotted blue line, the two sides, vi/ the red side 
and the blick side, are tqual to the two sides, viz the black 
side and the blue side, each to each, and we have pioved 
that the angle it the point where the red line meets the 
black lino is equal to the ingle at the point wheic the black 
line meets the blue line, thuefore, as shown in Proposi- 
tion IV , tin bast, viz the dotted red line, is equal to the 
base, viz the dotted blue line, and the tnangle foimed by 
the led line, the black line, anti the dotted red line, equil to 
the triangle foimed by the black line, the blue line, and the 
dotted blue line, and the other angles equal to the othe r angles, 
each to each, to which the equal sides are opposite theie- 
foie the angle at the point where the dotted red line meets 
the black line is equal to the angle at the point where the 
black line meets the dotted blue line And, as shown m 
Pioposition XXVII , because the straight black line meets 
the two stiaight lines, the dotted red line and the dotted 
blue line, and makes the alternate angles, viz the angle at 
the point where the dotted red line meets the black line, 
and the angle at the point where the black line meets the 
dotted blue line, equal to one another, therefore the dotted 
led line is parallel to the dotted blue line And we have 
shown that it is equal to it so that we have proved what 
we had to piove 
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Proposition XXXIV —Theorem 

The opposite sides and angles of parallelograms aie equal 
to one another, and the diameter bisects them, i a divides 
them into two equal parts 

NB -A pariUplogrdiu is a four sided figure of which the 
opposite suits irt par tilt 1, md the dumetcr js tilt str light lint 
joining two of its opposite angles 

First, we dnw a parallelogram, of vhich the dotted 
red line is a diametei Then we hue to show that the 
opposite sides and angles of the 
figure are equal to one another, 
and that the dotted led line 
divides it into two equal paits 
Because the led line is 

parallel to the black line, and ” 

the dotted led line meets them, we know by Proposition 
XXIX that the alternate angles, viz the angle at the 
point where the led line meets the dotted led line, and the 
angle at the point where the dotted ted line meets the black 
line, are equal And because the blue line is parallel to the 
yellow line, and the dotted red line meets them, it follows, 
by Preposition XXIX, that the alternate angles, viz the 
angle at the point where the blue line meets the dotted red 
line, and the angle at the point where the dotted red line 
meets the yellow line, are equal Therefore the triangle 
formed by the red line, the dotted red line, and the blue line, 
and the triangle formed by the dotted red line, the black line, 
and the yellow line have two angles in the one, viz the 
angle at the point where the red line meets the dotted red 
line, and the angle at the point where the dotted red line 
meets the blue line, equal to two angles in the other, viz 
the angle at the point where the dotted red line meets the 
black line, and the angle at the point where the dotted red 
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line meets tbe yellow line, eich to each, and one side, viz 
the dotted red side, part of each of the triangles, and this 
side is next to their equil angles, therefore, as shown m 
Proposition XXYI , their other sides are equal, each to 
each, and the third angle of the one equal to the third angle 
of the other, viz the red side equal to the black side, and 
the blue side equil to the yellow side, and the angle at the 
point where the red line meets the blue line equal to the 
angle at the point where the yellow line meets the black 
line And because the angle at the point where the red 
line meets the dotted red line is equal to the angle at the 
point where the dotted red line meets the black line, and 
the angle at the point where the dotted led line meets the 
yellow line is equal to the angle at the point where the 
dotted led line meets the blue line, therefore, according to 
Axiom II , which says that if equals be added to equals the 
wholes aie equil, the whole angle at the point wheie the 
red line meets the yellow line is equal to the whole angle at 
the point where the blue line meets the black line And 
we have shown that the angle at the point wheie the red 
line meets the blue line is equal to the angle at the point 
where the yellow line meets the black line , therefore the 
opposite sides and angles of parallel ogi am s are equal to one 
another, which is the first part of what we had to prove 
Also the diameter of parallelograms divides them into two 
equal parts , for the red line being equal to the black line, 
and the dotted red line being the same in each care, the red 
line and the dotted red line aie equal to the black line and 
the dotted red line, each to each And the angle at the 
point where the red line meets the dotted red line has been 
shown to be equal to the angle at the point where the 
dotted red lme meets the black line , therefore, as shown m 
Proposition IV , the triangle formed by the red line, the 
dotted red line, and the blue lme is equal to the triangle 
formed by the yellow lme, the dotted red lme, and the 
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black line, and consequently the dotted red line divides the 
parallelogram formed by the red, the blue, the black, and 
the yellow lines into two equal parts which is what we had 
to piove 


Proposition XXXV —Theorem 

PaiaUelograms upon the sanu base and between the same 
parallels are equal to one another 

hirst, let us draw 7 two pirallelograms upon the same 
base, viz the black line, and between the same parallels, 
viz the whole led line and 

the black line Then tho /' 

paiallelogiam formed by , ' 

the thick part of the led 

line the yellow line, the '' 

black line, ind tho blue 

line, shall be equal to the parallelogram foimed by the thm 
pait of the red line, the dotted black line, the black line, and 
the dotted blue line 

If the thick red side of the one parallelogram and the 
thm led side of the otliei parallelogram, opposite to the 
base, viz the black line, meet and end at a point, it is plain, 
by what we proved in Proposition XXXIV , that each of 
the parallelograms is double of the triangle formed by the 
dotted blue line, the yellow line, and the black line, and 

that they are therefore ■ — — / 

equal, according to Axiom / 

VI , which says that things / 

which are double of the same / 

are equal to one another 
But let us draw two 

parallelograms m which the sides opposite the base do not 
meet and end m a point 
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Then, because the figure foimed by the blue line, the 
black line, the yellow line, and the thick part of the red line, 
is a parallelogram, the thick part of the red line us equal to 
the black line, as shown m Proposition XXXIV , and for 
a similar reason the tlun pait of the red line is equal to the 
black line Consequently, accoiding to Axiom I, which 
says that things which are equal to the same thing are equil 
to one another, the thick part of the led line is equal to the 
thin pait of the red line And the dotted pait of the led 
line is the same in each case, therefore the whole, vi? 
the thick part of the led line and the dotted part, is equal 
to the whole, viz the dotted pxrt of the red line and the 
thin pait, according to Axiom II , which says that if equals 
be added to equals, the wholes aie equal The blue line 
also we know is equal to the yellow line by what we proved 
m Proposition XXXIV, therefore the two, viz the line 
composed of the thick put of the led line xnd the dotted 
part, and the blue line, are equal to the two, viz the line 
composed of the thin pait of the led line and the dotted part, 
and the yellow line, each to each And, as shown m Pro- 
position XXIX , the extenor angle at the point where the 
dotted part of the red line meets the yellow line is equal to 
the liitenor angle at the point where the thick pait of the 
led line meets the blue line, theiefore, as shown in Pro- 
position IV , the base, viz the dotted blue lme, is equal to 
the base, viz the dotted black line, and the triangle formed 
by the thick and dotted paits of the led line, the blue lme, 
and the dotted blue line, equal to the triangle formed by 
the thin and dotted parts of the red line, the yellow lme, 
and the dotted black line If we now take these equal 
triangles in turn from the whole figure foimed by the entile 
red line, the dotted black line, the black lme, and the blue 
lme, it follows, according to Axiom III , which says that if 
equals be taken from equals the remainders are equal, that 
the parallelogram formed by the thick part of the red lme, 
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the blue line, the black lme, and the yellow line, is equal to 
the parallelogram formed by the thin part of the led line, 
the dotted blue line, the black line, and the dotted black 
Ime which is what we had to prove 

In the only other position m which the sides of the 
parallelogiums opposite the blark side can fall, viz when 
they overlap as in the figure 
we will now draw, the same 
proof holds good Foi by 
tho sime reasoning we can 
piove tint the thick pait of 
the led line and the dotted 
part are equal to the thm 
part and the dotted pait If we then take away the dotted 
part, which is part of each of these equals, it follows, accoid 
mg to Axiom II T , which says that if equals be taken fiom 
equals the remainders aie eq lal, that the thick part of the 
led line is equal to the thm part of the led line By the 
same reasoning as in the pievious position of the parallelo- 
grams we can then show that the triangle formed by the 
thick part of the red line, the blue line, and the dotted blue 
line, is equal to the triangle formed by the thm part of the 
red line the yellow line, and the dotted black line and by 
taking away these equals in tum from the whole figure, it 
follows as before that the remaindeis, viz the piiallelogiams, 
are equal We hav e therefore proved what we had to prove 



Proposition XXXYI —Theorem 

Pai allelograms upon equal bases and between the same 
parallels are equal to one another 

First, we draw two parallelograms upon equal bases, viz 
the thick red line and the thm red lme, and between the 
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same parallels, viz the whole black line and the whole red 
line Then we have to prove that the parallelogiam formed 

by the thick black line, 

the thick yellow line, 
the thick red line, and 
i the thick blue line is 

' equal to the parallelo- 

giam foimcd by the thin 
black line, the thm yellow line, the thin red line, and the 
thin blue line 

Second, we join the point wheie the thick blue line 
and the thick red line meet, with the point wheie the thin 
blue line and the thm black line meet, and the point wheie 
the thick led line and (lie thick yellow line meet, with 
the point whoi e the thin 
black line and the thin 

1 yellow line meet 

* Then, because the 

, thick red line is equal to 

“ the thin led line (by the 

Hypothesis), and the thm red line equal to the thin black lme 
(by what we proved m Proposition XXXIY ), theiefoie, 
according to Axiom I , which says that things which aie equal 
to the same thing are equal to one another, the thick red 
lme is equal to the thin black line And, according to the 
Hypothesis, these two lines aie parallel, and they are joined 
towards the same parts b) the straight dotted blue line and 
the straight dotted yellow line But we showed in Proposition 
XXXIII that straight lines which join the ends of equal and 
parallel straight lines towards the same parts aie themselves 
equal and parallel therefore the dotted blue lme and the 
dotted yellow lme ai e both* equal and parallel Consequently, 
according to the definition at the commencement of Proposi- 
tion XXXIV , which saj s that a parallelogram is a foui>sided 
figure of which the opposite sides are parallel, the figure 
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formed by the thick red line, the dotted yellow line, the thin 
block line, and the dotted blue line, is a paiallelogram And 
according to Proposition XXXV it is equal to the parallelo- 
gram formed by the thick led line, the thick yellow line, the 
thick black line, and the thick blue line, because it is upon 
the same base, viz the thick led line, and between the same 
paiallels, viz the thick red line and the whole black line 
Foi the like reason the paiallelogram foimed by the thm red 
line, the thin ) ellow line, the thin black line, and the thm 
blue line, is al-,o equal to the paiallelogtam formed by the 
thick red line, the dotted yellow line, the thm black line, and 
the dotted blue line Therefore, accoiding to Axiom I , which 
says that things which are equal to the same thing are equal 
to one another, the pnallelogram formed by the thick red 
line, the thick yellow line, the thick black line, and the thick 
blue line, is equal to the paiallelogram formed by the thm 
red line, the thm yellow line, the thm black line, and the 
thm blue line which is what wo had to prove 


Proposition XXXVII —Theorem 

Ti tangles upon the same base , and between the same parallels, 
are equal to one another 

First, we draw two ti langles, viz the triangle formed by 
the thm blue line, the yellow line, and the black line, and 

the triangle foimed by the dotted 

blue line, the dotted yellow line, 
and the black line, upon the same 
base, viz the black line, and between 
the same parallels, viz the thm red 

line and the black line then we 

h&ve to prove that, the two triangles are equal 

Second, as allowed by Postulate II , which says that a 
straight line may be produced to any length m a straight 
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line, we lengthen the thm red line both ways, and, as shown 
in Pioposition XXXI , through the point where the blue 
' _ lme and the black line 

\ / meet, we draw the dotted 

\ * black line parallel to the 

\ / yellow line, and through 

/ the point where the dotted 

\ / yellow line and the black 

line meet, we draw the thick blue line pai illel to the dotted 
blue line 

Then, according to the Definition to Pioposition XXX I Y , 
the figure formed by the thick part of the led lme, the 
dotted black line, the black line, uid the yellow line, is a 
parallelogram, and the figure formed by the dotted blue line, 
the black line, the thick blue line, and the dotted part of the 
red line, is ilso a parallelogram, and these two pnallelograms 
aie equal, as shown in Proposition XXX Y , because they ate 
on the same base, viz the black line, and between the same 
parallels, vi7 the black lme and the whole led line And 
the triangle foimed by the thin blue line, the blick line, and 
the yellow line, is the half of the paiallelogiam foimed by 
the thick pait of the red lme, the dotted black lme, the 
black lme, and the yellow lme, because, as shown in Pro- 
position XXXIY , the diameter of the parallelogram, viz 
the thin blue lme, divides it into halves In the same way 
the triangle formed by the dotted blue lme, the black line, 
and the dotted yellow lme, is the half of tire paiallelogiam 
foimed by the dotted part of the red line, the dotted blue 
lme, the black lme, and the thick blue lme, because the 
diameter of the paiallelogram, viz the dotted yellow lme, 
divides it into halves But according to Axiom YII the 
halves of equal things are equal therefore the triangle 
formed by the thm blue line, the yellow lme, and the black 
line, is equal to the triangle formed by the dotted blue lme, 
the dotted yellow line, and the black line which is what we 
had to prove 
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Proposition XXXVIII —Theorem 
Triangles upon equal bases and between the same pai allels 
are equal to one another 

First, we draw two tuangles, vi 7 the triangle formed b) 
the thin blue line, the yellow line, and the thick pirt of the 
black line, mil the triangle formed by the dotted blue line, 
the dotted >ellow line, and 
the thin pirt of the black 
line, upon equal bases, viz 
the thick part of the black 

line and the thin part of — 

the black line, and between the same parallels, viz the led 
line and the whole black line Then we have to prove that 
these two ti nngles are equal 

Second, as allowed by Postulate II , which says that 
a stiaight line may be produced to any length, we lengthen 

the thin red line both 

wajs, md through the \ 

point where the thin blue \ / 

line meets the thick part \ , 

of the black line we draw w / 

the dotted black line parallel to the yellow line, as shown 
in Proposition XXXI , and through the point where the 
dotted yellow line meets the tlnn part of the black line, 
we draw the thick blue line parallel to the dotted blue 
line Then, according to the Definition to Proposition 
XXXIV , the figure formed by the thick part of the red 
line, the dotted black line, the thick part of the black line, 
and the jellow line, is a parallelogram, and the figure formed 
by the dotted part of the red line, the dotted blue line, the 
thin part of the black line, and the thick blue line, is a 
parallelogram And, as shown in Pioposition XXXVI , 
these two parallelograms are equal to one another because 
they are upon equal bases, viz. the thick part of the black 

G 
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line and the thm part of the black line, and between the 
same parallels, viz the whole black line and the red line 
And, as shown in Proposition XXXIV , the triangle 
formed by the thin blue line, the thick part of the black line, 
and the yellow line, is the half of the parallelogram formed 
by the thick part of the red line, the dotted black line, the 
thick part of the black line, and the yellow line, because 
the diameter of the parallelogram, viz the thm blue line, 
divides it into halves And for the same 1 eason the trimgle 
foi med by the dotted blue line, the thm part of the black 
line, and the dotted yellow line, is the half of the paiallelo 
gram formed by the dotted pait of the led line, the dotted 
blue line, the thin part ot the bhckhne, and the thick blue 
line, because the diameter of the pu illelogr un, vi/ the 
dotted yellow line, divides it into halves Put, recording 
to Axiom YII , the halves of equil things are equal, there- 
fore the tnangle formed by the thm blue line, the thick 
part of the black line, and the yellow line, is equal to the 
triangle formed by the dotted blue line, the thm pait of the 
black line, and the dotted yellow line which is what wo 
had to prove 


Proposition XXXIX — Theorem 
Equal triangles upon the same base, and upon the same side 
of it, are between the same parallels 


First, we draw two equal tuangles, viz the triangle 
foimed by the thick black line, the thick blue line, and the 
thick red line, and the triangle 
formed by the thick black line, 

; " the thm blue line, and the thin 

red line, upon the same bavse, viz 
the thick black line, and upon the 
same side of it We have to 


1 


prove they are between the same parallels. 
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Second, we join the point where the thick red line md 
the thick blue line meet with the point w here the tlnn red 
lme and the thin blue line meet 
Then the thin black line shall be 
pai all el to the thick black line 

For if it be not, then, as show n 
m Pioposition XXXI , thiougk 
the point wheie the thick blue 
line and the thick led lme meet, draw the dotted black line 
parallel to the thick black line, and join the point wheie the 
dotted black line cuts the thm 
blue line with the point wheie 
the thick black lme meets the 
thin ied line 

Then the triangle formed by 
the thick red lme, the thick blue 
line, and the thick black line, is equal to tho tmngle foimed 
by the dotted blue lme, the part of the thm blue lme joining 
the dotted blue lme with the thick black line, and the thick 
black line, as shown m Proposition XXX YI I , because they 
ne upon the same base, viz the thick black lme, and between 
the same paiallels, viz the thick black line and the dotted 
black line But according to the Hypothesis the triangle 
formed by the thick ied line, the thick blue lme, and the 
thick black lme, is equal to the tuangle formed by the thm 
red line, the thin blue line, and the thick black lme theie- 
fore, according to Axiom I , which says that things which 
aie equal to the same thing aie equal to one another, the 
tuangle formed by the thm red lme, the thm blue lme, 
and the thick black line is equal to the triangle formed by 
the dotted blue line, the part of the thin blue lme join- 
ing the dotted blue lme with the thick black line, and 
the* thick black line , that is to say, the greater equal 
to the less, which is impossible therefore the dotted black 
lme 1 b not parallel to the thick black lme, In the skme 

f O 2 
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way it can be shown that no other line but the thm black 
line is parallel to the thick black line therefoie the thm 
black line is parallel to the thick black line which is what 
we had to prove 


Proposition XL — Theorem 

Equal triangles upon equal bases in the same straight line and 
towards the same pai tt> ai e between the same parallels 

First, we draw two equal triangles, viz the tuangle 
formed by the thick black line, the thick blue line, and the 
^ thick red line, and the tri- 

angle foimed by the thin 
black line, the thm blue 
line, and the thm red line, 

^ * upon equal bases, viz the 

thick part of the black line and the thm part of the black 
line, in the same straight line, viz the whole black line, and 
towards the same parts We have to piove they are between 
the same parallels 

Second, we join the point where the thick blue line and 
the thick red line meet 
with the point where the 
thm blue line and the thm 
red line meet then the 
dotted blue line shall be 

paiallel to the wdiole black lme 

For if it be not, through the point where the thick blue 
lme and the thick red lme 
meet, diaw, as shown in 
Proposition XXXI , the 
dotted yellow lme parallel 
to the whole black lme, 
and join the point where 'the dotted yellow line meets the 
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thin blue line with the point where the thin black line 
meets the thin red line Then, as shown in Proposi- 
tion XXXVIII , the tuangle formed by the thick led line, 
the thick blue line, and the thick black line, is equal to the 
triangle formed by the thin yellow line, the part of the thin 
blue line between the thin yellow line and the thin black 
line, and the thin black line, beiause they are upon equal 
bases, viz the thick part of the black line and the thin pirt 
of the black line, and between the same parallels, viz the 
dotted yellow line and the whole bl ick line But by the 
Hypothesis the tuangle formed by the thick led line, the 
thick blue line, and the thick black line, is equal to the tri- 
angle formed by the thin led line, the thin blue line, and the 
thin bltck line Theiefore, accoidmg to Axiom I , which 
says that things which aie equal to the same thing are 
equal to one another, the triangle formed by the thm red 
line, the thm blue line, and the thm black line, is equal to 
the tuangle formed by the thm yellow line, the part of the 
thm blue line between the thm yellow line and the thm 
blick line, and the thm black line 1 e the grextei is equal 
to the less, which is impossible Therefore the dotted yellow 
line is not parallel to the whole bl ick line In the same way 
it can be shown that no other line is parallel to the whole 
black line, but the dotted blue line therefore the dotted 
blue line is parallel to the whole black line which is what 
we had to prove 


Proposition XLI — Theorem 
If a parallelogram and a triangle be upon the same base 
and between the same parallels , the parallelogram shall 
■be double of the tnawjle 

Fust, we draw the parallelogram formed by the black 
line, the red line, the yellow line, and the blue line, and the 



86 


ELEMf NTS OF ElCLID. BOOK I 


tnangle foi med by the black line, the dotted led line, and the 
dotted blue line, upon the same base, viz the black line, and 
between the same parallels, viz 
the bhck line and the whole 
yellow line Then the panllelo- 
I giam formed by the black line, 

, the led line, the yellow line, and 

the blue line, shall be the double 

of the tmngle formed by the bhck line, the dotted led line, 
and the dotted blue line this wo hive to piove 

Second, we join the point wheie the red line and the 
\ellow line meet with the point wdieie the black line and 
the blue line meet 

Then the triangle foimed by 
f v the black line, the red line, and 

the dotted black line, is equal to 
the triangle foimed by the black 
line, the dotted led line, and the 

' » dotted blue line, as shown in 

Proposition XXXVII , because they are upon the same base, 
viz the black line, and between the same paiallels, viz the 
black line and the whole yellow line But the paiallelogram 
foimed by the black line, the led line, the yellow line, and 
the blue line, is double of the triangle formed by the black 
line, the red line, and the dotted black line, because, as shown 
in Proposition XXXIV , the diameter, viz the dotted black 
line, divides the parallelogram into two equal p irts theie- 
loie the parallelogram foimed by the black line, the red line, 
the yellow line, and the blue line is also double of the tri- 
angle formed by the black line, the dotted red line, and the 
dotted blue line which is what we had to prove 
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Proposihon XLII —Problem 

To describe (make) a parallelogram that shall be equal to 
a given triangle , and have one of its angles equal to 
a given > ectilineal angle 

First, we (haw 'a tnangle and an angle Then what 
we have to do is to diaw a patallelogram equal to the tu 
angle formed by the black 
line, the led line, and the 
blue line, and having one 
of its angles equal to the an- 
gle foimed by the meeting 
of the two short black lines 

Second, as shown in Proposition X , we divide the black 
line into two equal parts, and join the point of division with 
the point where the red side 
and the blue side of the tri- 
angle meet 

Third, as shown m Pro- 
position XXIII ,at the point 
where the yellow line meets 
the thick part of the black 
line, we make the angle formed by the dotted black line and 
the thick part of the black line equal to the angle formed by 
the meeting of the two 
short black lines 

Fourth, as shown m Pro- 
position XXXI, through 
the point where the red line 
and the blue line meet, we 
dtaw the thick and dotted 
red line parallel to the thick black line. 

Fifth, m the same way, through the point where the black 
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line and the blue line meet, we draw the dotted blue line 
parallel to the dotted black line Then, according to the 

f Definition to Proposition 

I XXXIY , the figure formed 

. j by the thick black line, the 

f / / dotted black line, the dotted 

/ / red line, and the dotted blue 

/ / line, is a paiallelogram 

And because by the 
Hypothesis the thm part of the black line is equal to the 
thick part of the bl ick line, we know by wlnt we proved in 
Proposition XXXVIII 
that the triangle formed 
by the thin pait of the 
black line, the thin red 
line, and the vellow line, 
is eqml to the triangle 
formed by the thick part 
of the black line, the yellow line, and the bluo line, be- 
cause they aie upon*equal bases, viz the thin part of the 
black line and the thick part of the black line, and between 
the same parallels, viz the whole black lme and the thick 
and dotted red line therefore the triangle formed by the 
whole black line, the thin led line, and the blue line, is 
double of the triangle formed by the thick part of the black 
line, the yellow line, and the blue line But, as shown m 
Proposition XLI , the paiallelogram formed by the thick pait 
of the black line, the dotted black line, the dotted red line, and 
the dotted blue line, is also double of the tnangle formed 
by the thick part of the black line, the yellow line, and the 
blue line, because they are upon the same base, viz the 
thick part of the black line, and between the same parallels, 
viz the thick part of the black line and the thick and dotted 
red line Therefore, according to Axiom VI , which says 
that things which are the double of the same are equal to 
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one another, the parallelogram formed by the thick part of 
the black line, the dotted black line, the dotted red line, 
and the dotted blue line, is equal to the triangle formed by 
the whole black line, the thin red line and the blue line 
And it has one of its angle*, vi 7 the angle at the point where 
the dotted black line meets the thick part of the black line, 
equal to the angle formed by the meeting of the two short 
black lines (for we in ale it so) therefore we have made the 
parallelogram we lud to make 


Proposition XLIII — Tiiforfm 
The complements of the paiaR lotpnms (/ e the font -sided 
fitfures cut off by s ti <n fht h nes n ithin the par alb lotjrams) 
which aie about the diameter oj any paralleloyr am aie 
equal to one another 


First, we dr 1 w a parallelogram of v Inch the dotted blue 
line is the diameter, 1 e divides it into equal parts 

Second, we draw two smallei parallelograms about the 
dotted blue line, le through which the dotted blue line 
passes, viz the paiallelo- — 

gram foimed by the thick / 

part of the red line, the 1 

thick part of the blue » 

line, the thick part of the / 

yellow line, and the dotted 

black line, and the parallelogram formed by the dot-and dash 


black line, the thin part of 
the yellow line, the thin 


part of the black line, and j 

the dotand*dash red line ' / 


Then the parallelogram , / 

formed by the thm part 

of the red line, the thick pait of the black line, the thm 
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part of the yellow line, and the dotted black line, and the 
parallelogram formed by the thick part of the yellow line, 
the dot-and-dash black line, the dotted red line, and the thin 
part of the blue line, are the other parallelogr ims which make 
up the whole figure first drawn, and which aie therefore 
called the complements Then these complements shall be 
equal 

Because the whole figure foimed by the whole thick and 
thin black line, the whole thick and thin red line, the whole 
thick and thin blue line, and the whole dotted and dot-and- 
dash led line, is a par illelogram, and the dotted blue line 
is its diameter, we know by Proposition XXX IV that the 
triangle foimed by the whole thick and thin led line, the 
whole thick and thm hlick line, and the dotted blue line, 
is equal to the tnangle foimed by the whole thick and thin 
blue line, the whole dotted and dot and-dash led line, and 
the dotted blue line Again, because the figuie foimed by 
the thick part of the blue line, the thick part of the red 
line, the dotted black line, and the thick part of the yellow 
line, is a paiallelogram, the diameter of winch is the part 
of the dotted blue line, therefoie, as shown in Pioposition 
XXXI Y , the triangle formed by the thick part of the red 
line, the dotted black line, and the part of the dotted blue 
line, is equal to the triangle foimed by the thick part of 
the blue line, the thick pai t of the yellow line, and the part 
of the dotted blue line And foi the same reason the tri- 
angle formed by the thm part of the yellow line, the thm 
part of the black line, and the other part of the dotted blue 
line, is equal to the tnangle formed by the dot-and-dash 
black line, the dot-and dash red line, and the other part of 
the dotted blue line Therefoie, because the triangle formed 
by the thick part of the red line, the dotted black line, 
and the part of the dotted blue line, is equal to the tnangle 
formed by the thick part of the blue lme, the thick part of 
the yellow line, and the part of the dotted blue line , and the 



PROPOSITION XLIII, 


91 


triangle formed by the thin part of the yellow line, the 
thin part of the black line, and the other pait of the dotted 
blue line, is equal to the tnangle formed by the dot and dash 
black line, the dot and-dash led line, and the othei part of 
the dotted blue line, theiefore the triangle foimed by the 
thick part of the red line, the dotted black line, and the part 
of the dotted blue line, together with the tnangle foimed by 
the thin part of the )ellow lino, the thin part of the black 
line, and the other pirt of the dotted blue line, aie equal to the 
triangle foimed by the thick part of the blue line, the thick 
part of the yellow line, and tho put of the dotted blue line, 
together with the triangle formed b} the dot-and dash black 
line, the dot and dash red line, and the other part of the 
dotted blue line, according to Axiom II, which says that 
if equals be added to equals, the who'es aie equal But 
tho whole tnangle foimed by the whole thick and thin red 
line, the whole thick and thm black line, and the whole 
dotted blue line, was shown to be equal to the whole tri- 
angle formed by the whole thick and thin blue line, the 
whole dotted and dot-and-dash led line, and the whole 
dotted blue line , therefore, according to Axiom III , which 
says that if equals be taken from equals, the remainders aie 
equal, the remaining complement, vi7 the figure formed by 
the thin part of the red line, the thick part of the black 
line, the thm pait of the yellow line, and the dotted black 
line, is equal to the remaining complement, viz the thm 
part of the blue line, the dotted red line, the dot and-dash 
black line, and the thick part of the yellow line which is 
what we had to prove 
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PROPOSITION XLIV — Problem 

To a given straight line to apply a parallelogram which shall 
be equal to a given triangle, and have one of its angles 
equal to a given rectilineal angle 

First, we di iw the stiaight line to winch the parallelo- 
gram is to be applied, and the triangle and the angle 
What we have to do is 
, to applj to the thick led 
line iparallelogr ini which 
shall bo equal to the tri- 
angle termed by the tin ee 
black lines, and shall have an angle equal to the angle con- 
tained by the two blue lines 

Second, as shown in Proposition XLII , we make the 
paiallelogram formed by the thm red 
line, the thick blue line, the thm yel 
low line, md the dotted black line, 
equal to the tuangle formed by the 
three black lines, and containing the 
angle at the point where the dotted 
black line meets the thin red line, equal 
to the angle contained by the two blue 
lines, so that the thin red line is m the same straight line 
with the thick red line 

Third, we lengthen the thin yellow 
line, and, as shown m Proposition 
XXXI , through the lower end of the 
thick red line we draw the thick black 
line meeting the lengthened yellow line, 
and parallel eithei to the dotted black 
line or to the thick blue line 
Fourth, we join the point where the thick yellow line 






PROPOSITION XLIV. 


meets the thick black line with the point where the dotted 
black line meets the thick red line 

Then because the whole straight yellow line falls upon 
the paiallels, viz the thick black line and the thick blue 
line, it follows, according to what we 
showed in Proposition XXIX , that the 
angle at the point where the thick ' 

black line meets the thick yellow line, 

and the angle at the point where the 

thin yellow line meets the thick blue j 

line, are together equal to two light ! 

angles Therefore the angle at the — * 

point where the dotted red line meets the thick yellow 
line, and the angle at the point wheie the thin yellow line 
meets the thick blue line, are together 
less than two right angles But, ac- / 4 

coiding to Axiom XII, straight lines j ‘ 

which with anothei stiaight line make , 

the interior angles upon the same s de J * 

less than two right angles, meet if f 

lengthened far enough therefore the I 

dotted red line and the thick blue line / 

will meet if lengthened far enough 

Fifth, let us lengthen them until they meet, and through 
the point where they meet, draw the dot-and-dash and dotted 
blue line parallel either to the 
whole red line or to the whole 
yellow line ( t 

Sixth, we lengthen the dotted / 1 

black line and the thick black , l 

Ime to meet the dot-and-dash j 

and dotted blue line / 

* Then the whole figure ——I 

formed by the whole thick and thin black line, the whole 
dotted and dot-and-dash blue line, the whole thick and 
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thin blue line, and the whole thick and thm yellow line, 
is a parallelogram, of winch the diameter is the whole- 
dotted red line, and the parallelogram formed by the thick 
black line, the thick yellow line, the dotted black line, and 
the thick red line, and the parallelogram formed by the 
dot-and-dash black line, the thin red line, the thin blue line, 
and the dot and-dash blue line, are pirallelogrnns about 
the diameter, i e thiough which the diameter passes And 
the parallelogram foimed by the thm black line, the dotted 
blue line, the dot-and-dash black line, and the thick red line, 
and the parallelogram formed by the dotted black line, the 
thin red line, the thick blue line, and the thm yellow line, 
are the complements of the two parallelograms just men- 
tioned, through which the diameter passes, and therefore, as 
shown m Proposition XLIII , they are equal to one another 
But we made the parallelogram formed by the dotted black 
line, the thm yellow line, the thick blue line, and the thm 
red line equal to the triangle formed by the three black 
lines therefoie, according to Axiom I , which says that 
things which are equal to the same thing are equal to one 
another, the parallelogram formed by the thm black line, 
the dotted blue line, the dot-and-dash black line, and the 
thick red line, is also equal to the triangle foimed by the 
three black lines And liecause the angle at the point wlieie 
the dotted black line meets the thin led line is equal to the 
angle at the point where the thick red line meets the dot 
and-dash black line (as shown m Proposition XV ), and 
also to the angle foimed by the meeting of the two blue 
lines, to which we had to make one angle m the required 
paiallelogfam equal (tor we made it so), therefore, accoidmg 
to Axiom I , which says that things which are equal to the 
same thing are equal to one another, the angle at the point 
where the thick red lme meets the dot-and-dash black line 
is also equal to the angle formed by the meeting of the* 
two blue lines. We have therefore done what was required, 
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viz applied to the straight thick red line the parallelogram 
formed by the thick red line, the dot-and-dash black line, 
the dotted blue line, and the thin black line, equal to the 
tuangle formed by the three black lines, and having the 
angle at the point where the thick red line meets the dot- 
and dash black line equal to the angle formed by the meet- 
ing of the two blue lines 


Proposition XLV— Problem 

To describe (make) a pai alleloqi am equal to a given recti- 
lineal figure and having an angle iqual to a given 
rectilineal angle 

First, we dnw the given lectihneal figure (le figure 
formed by straight lines), and also the given angle What 
we have to do is to make a 
parallelogram equal to the fagui e 
formed by the thick black line, 
the thick blue line, the thick 
red line, and the thick yellow 
line, and having an angle equal 
to the angle formed by the meeting of thp two black lines 
First, we join the point where the black side meets the 
blue side of the given figure with the point where the red 
side meets the yellow side of the 
figure. 

Second, as shown in Proposi- 
tion XLJX, we make the parallelo- 
gram formed by the thin blue line, the 
thin black line, the thin yellow line, 
and the thm red line, equal to the triangle formed by the 
thick blue line, the thick red line, and the dotted blue line, 
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and having the angle at the point where the thin blue line 
meets the thm black line, equal to the angle formed by the 
meeting of the two black lines 

Thud, as shown in Proposition 
XL IV , we apply to the thin yel- 
low line the paiallelogiam formed 
by the thin yellow line, the dotted 

red line, the dotted yellow line, and 

the dotted black line, equal to the 
triangle formed by the thick yellow line, the thick black 
line, and the dotted blue line, and having the angle at the 
point wheie the thin yellow line meets 
the dotted black line, equal to the 
angle foimed by the meeting of the 
two black lines The figure formed 
by the whole thin black and dotted 

— black line, the thm blue line, the 

whole thm rod and dotted red line, and the dotted yellow 
line, shall be the parallelogram required 

Because the angle foimed by the meeting of the two black 
lines is equal to the angle at the point where the thm blue 
line meets the thm black line, and also to the angle at the 
point where the thin yellow line meets the dotted black line 
(for we made it so), therefore, according to Axiom I , which 
says that things which aie equal to the same thing are equal 
to one another, the angle at the point where the thm blue 
line meets the thm black line is equal to the angle at the 
point where the thm yellow line meets the dotted black 
line Add to each of these the angle at the point where the 
thm black line meets the thm yellow line , then, accord- 
ing to Axiom II , which says that if equals be added to 
equals the wholes are equal, the angle at the point where the 
tbm blue line meets the thin black line, and the angle at the 
point where the thin black line meets the thm yellow line, 
are together equal to the angle at the point where the thm 
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black line meets the thin yellow line, and the angle at the 
point where the thin yellow line meets the dotted black line 
But we know, by what we proved in Proposition XXIX , 
that the angle at the point where the thin blue line meets 
the thin black line, and the angle at the point where the 
thin black line meets the thin yellow line, are togethei 
equal to two light angles, therefore, according to Axiom I , 
which says that things which are equal to the same thing 
aie equal to one another, the angle at the point where the 
thin black line meets the thin yellow line, and the angle at 
the point where the thin yellow line meets the dotted black 
line, are also equal to two light angles And because at the 

point in the straight thm yellow line where it meets the 
thin black line, the two straight lines, vu the thm black line 
and the dotted black line, upon opposite sides of it make 
the adjacent angles equal to two right angles, we know, by 
what we showed m Pioposition XI Y , that the thm black 
line is in the same stiaight lme with the dotted black 
line And because the straight thm yellow line meets 
the parallel straight lines, viz the whole thm black and 
dotted black line, and the thm red lme, we know, as 
shown m Proposition XXIX , that the alternate angles, 
viz the angle at the point where the dotted black lme meets 
the thm yellow line, and the angle at the point where the 
thm yellow lme meets the thm 1 ed lme, are equal If we 
now add to each of these the angle at the point wheie the 
thm yellow lme meets the dotted led line, it follows, accord- 
ing to Axiom II , which says that if equals be added to 
equals the wholes aie equal, that the angle at the point 
where the dotted black lme meets the thm yellow lme, and 
the angle at the point where the thm yellow lme meets the 
dotted red line, are together equal to the angle at the point 
wtfere the thm yellow lme meets the thm red line, and the 
angle at the point where the thm yellow line meets the 
dottfed red lme But we know, by what we proved m 
H 
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Proposition XXIX , that the angle at the point where the 
dotted black line meets the thin yellow line, and the angle 
at the point where the thin yellow line meets the dotted red 
line, are together equal to two right angles therefore, ac- 
toiding to Axiom I , which says that things which are equal 
to the same thing are equal to one another, the angle at the 
point where the fhin yellow line meets the thin red line, and 
the angle at the point where the thin yellow line meets the 
dotted red line, are also equal to two right angles , and con- 
sequently, accoidmg to what we proved in Proposition XIV , 
the thin red line is m the same stiaight line with the dotted 
red line And because the thm blue line is parallel to the 
thin yellow line, and the thin yellow line to the dotted 
yellow line (foi we made them so), it follows, by what we 
pioved m Proposition XXX, that the thm blue line is 
parallel to the dotted yellow line And the whole thm and 
dotted black line, and the whole thm and dotted red lme, 
were made parallels therefore, according to the Definition 
to Proposition XXXIV , the figure formed by the thm blue 
line, the whole thin and dotted red line, the dotted yellow 
lme, and the whole thm and dotted black line, is a parallelo- 
gram And because the tnangle formed by the thick blue 
lme, the thick red lme, and the dotted blue lme, is equal to 
the parallelogram foimed by the thm black lme, the thin 
blue lme, the thm red lme, and the thin yellow line (for we 
made it so), and the triangle foimed by the thick black lme, 
the thick yellow lme, and the dotted blue line, is equal to 
the parallelogram formed by the dotted black lme, the thm 
yellow line, the dotted red line, and the dotted yellow line 
(for we made it so), it follows, according to Axiom II., which 
says that if equals be added to equals the wholes are equal, 
that the whole figure formed by the thick black lme, the 
thick blue line, the thick red lme, and the thick yellow lme, 
is equal to the parallelogram formed by the thm blue lme, 
the whole red and dotted red lme, the dotted yellow lme, 
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and the whole thin and dotted black lme And the angle 
at the point wheie the thin blue line meets the thin black 
line was made equal to the angle fotmed by the meeting of 
the two black lines, so that we have done what was required, 
viz made apaiallelogram equal to the given rectilineal figure, 
and containing an angle equal to the stated angle 

CotoUaty (1 e another fact proved)— From this it is 
plain how to apply to a straight line a parallelogram which 
shall have an angle equal to a given rectilineal angle and 
shall be equal to a given rectilineal figure, viz by applying to 
the stiaighthne, as shown in Preposition XLIV , a parallelo- 
gram equal to the fiist triangle formed by the thick blue 
line, the thick red lme, and the dotted blue line, and having 
an angle equal to the given angle 


Proposition XLVI —Problem 
To desci ibp (make) a square upon a given straight live 

First, we diaw a straight line upon which to make a 
square 

Second, as shown in Proposition XI , from either end of 
the black lme we diaw the blue line at light augles to the 
black lme, and, as shown in Preposition III , make the thick 
part of the blue lme equal to the black lme 

Third, as shown in Proposition XXXI, through the 
other end of the thick part of the blue lme to that which 
meets the black line, we draw the red lme parallel to the black 
lme , and through the other end of the black line to that 
which meets the blue line, draw the yellow lme parallel to 
the blue lme % 

Then, according to the Definition to Proposition XXX IV , 
the figure foimed by the black lme, the thick blue lme, the 
h 2 
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led line, and the yellow line, is a paiallelogiam, and it 
follows, as shown in Proposition 
XXXI V, that the black line is 

equal to the red line, and the thick 

blue line to the yellow line But 
we made the thick blue line equal to 
the black line , therefore, according 
to Axiom I , which savs that things 
which are equal to the same thing 
ate equil to one another, the four 
stiaight lines, vi/ the black line, 
the thick blue line, the red line, 

and the yellow line, are equal to 

one another, and the parallelogram 
formed by those foui lines has, consequently, equal sides 
Also all its angles aie right angles, for since the straight 
thick blue line meets the paiallel 
black line and red line, we know, 
by what we showed m Proposition 
XXIX , that the angle at the point 

where the black line meets the 

thick blue line, and the angle at 
the point where the red line meets 
the thick blue line, are together 
equal to two right angles But 
we made the angle at the point 
where the black line meets the 
thick blue line a right angle, 
theiefore, according to Axiom III , which says that if equals 
be taken hom equals the remainders are equal, the angle at 
the point wheie the red line meets the thick blue line is a 
light angle But we know, by what we proved in Proposi- 
tion XXXIV, that the opposite angles of parallelograms 
are equal ; therefore, accordnig to Axiom I , which says that 
things whi ch are equal to the same tlpng are equal to ofte 
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another, each of the opposite angles, viz the angle at the 
point where the red line meets the yellow line, and the angle 
at the point where the black line meets the yellow line, is i 
light angle Consequently each of the angles of the hguie 
formed by the black line, the thick blue line, the red line, 
and the yellow line, is aught angle , and it has been shown 
that the sides of the figure are all equal, consequently, 
accoiding to Definition XXX , the figure is a squaie, and it 
has been made upon the stiaight black line which is what 
we had to do 

Corollary (le anothei fact proved) — From what we 
ha\ejust done, it is evident that every parallelogram which 
has one right angle has all its angles right angles 


Proposition XLVII —Theorem 

In any right-angled triangle, the square which is descnbed 
{made) upon the side subtending ( opposite to) the right 
angle is equal to the squares descnbed upon the side s 
vrfnch contain the nght angle 

First, we diaw a right-angled triangle, having the angle 
at the point where the thick black 
line meets the thick i«d line a light 
angle The square made upon the 
whole blue line shall be equal to the 
squaies made upon the thick led line and the thick black line 
Second, as ghown m Proposition XLVI , on the thick 
red line we make the squaie formed by the thick red line, the 
thm black line, the thin red line, and the thick yellow line , 
on the thick black line, the square formed by the thick black 
line, the dotted red hne, the dotted blue line, and the dotted 
kdack line, and on the whole blue line the square formed 
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by the whole blue line, the dot-and-dash led line, the thm 
dot and dash black line, and the dot-and dash blue line 
Thud, as shown in Proposition XXXI, through the 
point where the thick red line 
and the thick black line meet, we 
draw the thm and dotted yellow 
' line par illel either to the dot and- 
dash blue lme 01 to the dot-and- 
d \ dash red line, and join the point 

wheie the thick led lme and the 
thick black line meet, with the 
point wheie the dot and dash blue 

line and the thin dot and dash 

black line meet , and the point 
wheie the thick yellow line and the thm ied line meet, with 
the point wheie the thick black line meets the thin part of 
the blue lme 


Then, because the angle at the 
point wheie the thick red line 
meets the thick black lme is a 
light angle (tor we made it so), 
and that the angle at the point 
wheie the thick led lme meets the 
thm black line is a light angle, 
according to Definition XXX , 
which says that all the angles of 
a squaie aie right angles, there- 
fore the two stiaight lines, viz 
the thick black line and the thin black lme, upon the 
opposite sides of the thick red lme, make with it, at the 
point where they meet it, the adjacent angles equal to 
two right angles, and consequently, as shown m Proposi- 
tion XIV , the thick black lme is m the same straight line 
with the thm black line In the same way we can show 
that the thick red lme and the dotted red line are in the 
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same straight line And because the angle at the point 
wheie the dot and dash blue line meets the thick blue line 
is equal to the angle at the point where the thick yellow line 
meets the thick red line, because each of them is a light 
angle, according to Definition XXX , which says that all the 
angles of a square aie Tight angles, and that all right angles 
ire eqinl, according to Axiom XI , add to each the angle at 
the point where the thick red line meets the thick blue line 
It follows, accoidmg to Axiom II , which says that if equals 
be added to equals the wholes are eqtnl, that the whole 
angle at the point wheie the thick red line meets the dot- 
and-dash blue side is equal to the whole angle at the point 
wheie the thick yellow line meets the thick and thin blue 
line And because the thick led side and the dot-and-dash 
blue side aie equal to the thick yellow side and the whole 
thick and thin blue side, each to each, accoidmg to Defini- 
tion XXX , which says that all the sides of a square are 
equal, and the angle contain od by the dot-and-dash blue 
side and the thick red side is equal to the angle contained by 
the thick yellow side and the thick and thm blue side , 
theiefore, as shown m Proposition IV , the base, viz the 
thick dot-and dash black line, is equal to the base, viz. the 
dot-and dash yellow line, and the triangle formed by the 
thick red line, the dot-and-dash blue line, and the thick 
dot and-dash black line is equal to the triangle foimedby the 
thick yel'ow line, the whole thick and thm blue line, and 
the dot-and-dash yellow line Now, accoidmg to what we 
proved in Proposition XLI , the parallelogram formed by 
the thick part of the blue lme, the dotted yellow line, the 
dot-and-dash blue lme, and the pai t of the thm dot-and-dash 
black lme between the dot-and dash blue line and the dotted 
yellow lme, is double the tuangle formed by the thick red 
line, the dot-and dash blue line, and the thick dot-and-dash 
black line, because they are upon the same base, via the dot- 
and dash blue lme, and between the same parallels, viz. the 
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dot-and dash blue line and the whole thin and dotted yellow 
line, and the square foimed by the thick red line, the thick 
yellow line, the thin red line, and the tlun black line, is 
double the triangle formed by the thick yellow line, the dot- 
and-dash yellow line, and the whole thick and thin blue line, 
because they are on the same base, viz the thick yellow line, 
and between the same parallels, viz the thick yellow line 
and the whole thm and thick black line But, according to 
Axiom VI , the doubles of equals are equal to one another , 
therefoie the parallelogram foi med by the thick part of the 
blue line, the dot-and dash blue lme, the dotted yellow line, 
and the part of the thin dot and-dash black line, is equal to 
the square formed by the thick red lme, the thick yellow 
line, the thin red lme, and the thm bl ick line 

In the same way, if we join the point where the thick 
led line and the thick black line meet, with the point wheie 
the dot-and dash red lme and the 
thm dot and-dash black line meet, 
and the point where the thick red 
line and the thick blue line meet, 
with the point where the dotted 
blue line and the dotted black lme 
meet, we can show that the paral- 
lelogram foimed by the thm part 
of the blue lme, the dotted yellow 
line, the dot-and-dash red line, 
and the other part of the thm dot- 
and-dash black lme, is equal to the square formed by the 
thick black line, the dotted red lme, the dotted blue lme, 
and the dotted black line Consequently, according to 
Axiom II , which says that if equals be added to equals the 
wholes are equal, the whole square foi med by the whole 
thick and thm blue lme, the dot-and-dash red lme, the thm 
dot-and-dash black lme, and the dot and-dash blue lme, js 
equal to the square formed by the thick red lme, the thick 
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yellow line, the thin led line, and the thin black line, and 
the squ j re formed by the thick black line, the dotted red 
line, the dotted blue line, and the dotted black line , or, in 
other words, the square made u|x>n the blue line is equal to 
the squares made upon the thick red line and the thick black 
line w Inch is what we had to prove 


PftorosmoN XL VI II —Theorem 


7/ the squat e d< scribed (made) upon one of the sides of a 
tnanyle he equal to the equates described upon the other 
two sides of it , the angle contained by these two sides is a 
right angle 

First, wo diaw a triangle, such that the square made on 
the blick side is equal to the squares s 

made on the blue and the led sides We ' . 

have to piove that the angle at the point -v 

where the led side meets the blue side is 
a right angle 

Second, as shown m Proposition 
XI , at the point where the red side 
meets the blue side we draw the dotted 
blue line at right angles to the red 

side, and, as shown in Proposition III , 

make the dotted blue line equal to the 
blue side 

Third, we join the end of the 
dotted blue line with the point where 
the red side meets the black side 
Thep, because the dotted blue 
une if equal to the blue side, the 
square of the dotted blue line is 
equal to the square of the blue side To each of these add 
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the square of the red side then, according to Axiom II , 
which says that if equals be added to equals the wholes are 
eqi.al, the squares of the dotted blue line and the red side 
are equal to the squares of the blue side and the led side 
But, as shown in Proposition XLYII , the squaie of the 
dotted black line is equal to the squares of the dotted blue 
line and the red side, because the angle at the point where 
the dotted blue line meets the red side is a right angle (foi 
we made it so) And the square of the black side, according 
to the Hypothesis, is equal to the squares on the blue side and 
the led side therefore, accoidmg to Axiom I, which says 
that things vhich aie equal to the same thing are equal to 
one another, the square of the dotted black line is equal to 
the squaie of the black side, and consequent!} the dotted 
black line is equal to the black side And because the 
dotted blue line is equal to the blue side (foi we made it so), 
and the led side is part of each of the two tnangles, the one 
of which is formed by the dotted blue line, the red side, and 
the dotted black line, and the other by the blue side, the led 
side, and the black side, the two sides, viz the dotted blue 
line and the red side, are equal to the two sides, viz the 
blue side and the ied side, each to each, and the base, viz 
the dotted black line, has been shown to be equal to the 
base, viz the black side , therefore, as shown m Proposition 
VIII , the angle at the point where the dotted blue line 
meets the red side is equal to the angle at the point where 
the blue side meets the red side But we made the angle 
at the point where the dotted blue line meets the red side, 
a right angle , therefore, according to Axiom I , which says 
that things which are equal to the same thing are equal to 
one another, the angle at the point where the blue side meets 
the red side is a light angle which is what we had to 
prove 
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